Supplementary Notes to Unscheduled Appointments

Full Proofs

There are a few basic equalities that will be used throughout the proofs. First, let
B = (Bo, £1, ---, Bn) be an arbitrary n + 1 dimensional vector. Then:

g (7;) (1= F(x)) F(x)" "3 = i::an (T) (n ; m) (1= F@))™* F(a)" 8,

(2)
Proof. By Vandermonde’s identity, (’Z) = Z;’:o (z’fj) (”*m)

J

Thus the left hand side of (2) is equal to > 1", Z;:o ()5 = F(z)) F(z)"5;.

i~
If we replace ¢ with i+j, then this becomes 37, . ZH] (M) - F(2))™ F(z)" 6y,
We can rewrite this expression as » . Z?;é ("M (") (1= F(2))™ F(x)" 796,

J

Because (;) = 0 for a < b, this is equivalent to 337" >0 () (") (1 - F(2))™* F(z)" 6,y
[l

k(r) = Az, z) + m (1 - F(z)) (3)
Proof. Recall that k(z) = Y1 (*) (1 — F(x))" F(z)" " min {m,i}.
By expression (2), this equals 37" >0 () (") (1 - F(z))™ F(x)" 7 min {m, i+ j}.
Rearranging terms, thus becomes:

Yo (1) (L= F(a) Fla)™ 32005 (") (1= F2)) F(a)™™ (min {m — i, j} +1).

This last expression is equivalent to A(z, x) +m (1 — F(x)). O
e fl@) g

Proof. Recall that E [v|v > ] = [ lvj;ngx dv, or }(x) [ vf(v)dv. Using the chain
rule,

LEwv>a]= (1_f1§g€i))2 [Zvf(v)dv — #@)xf(x), or 1f§f()x) (Evv > 2] —x).
0



The proofs of the following thre statements are straightforward and left to readers.

0= (1) 0 Fey (b - ) S )

dv* _n(1-F(p))

) A )
do|  _ (n—m)(1-F(p))
de c=0 a )‘(pap) (7)

Proof of Theorems 2.1 and 2.2.

If we take the derivative of W4 (c) with respect to the transportation cost, ¢, we get:
Wi(e) =r'(p+c)(Evjv>p+c —c)+k(p+c) <[ﬁE[v|v > p—i—c]] — 1>.
Evaluated at ¢ = 0, this becomes:
Wa(0) = () B [ofo = 9] + #(p) [£E blv 2 p]] - x(p).
If we take the derivative of Wy (c) with respect to the transportation cost, ¢, we get:

Wi(c) = K(v) L E v >v] + k(v*) [5E lv > 0] & — n(1- F(v*)) +

g de de
* U
nf(v )c%.

Evaluated at ¢ = 0, this becomes:

Wh(0) = #'(p) 22

o B0l = ]+ k(p) | £E oo 2 pl| [, —n (1 - F(")).

Using expression (6) and simplifying, we have:

W5(0) = (K @)Eblo > 1]+ 5(0) [£E bl > 1| —w(r)) %

Or, W(,(0) = W4(0)

%‘CIO.

c=0"

Expression (6) is greater than one, thus

W, (0) > W,(0) if and only if W/ (0) < 0.

This is equivalent to: x(p) 1f§f()p) (Ev|lv>p]—p) <k(p) — K (p)E [vlv > p].

Evaluated at p = 0 this is: x(0)f(0)E [v|v > 0] < k(0).



This is true if and only if: f(0 fo zf(x)dxr < 1, which proves Theorem 2.1.

By assumption, I''(p) < 0, which implies that l—f(FZ’)()p) (Evjv>p]—p) <1

This implies that x(p) 1f§f()p) (Ev|v > p] —p) < k(p).

It follows from the fact that «'(p) < 0 and E [v|v > p] > 0 that W/ (0) > W{,(0) for
all prices p.

Furthermore, because x/(p) < 0 for all p > 0, it follows that W/ (0) > W/,(0) for all
prices p > 0.

At p =0, the fact that £'(0) = 0 implies that W/ (0) > W/,(0) if and only if

/ﬁ(p)lfl(f()p) (E [v|v > p] — p) < k(p), which is true if and only if I"(0) < 0.

This proves Theorem 2.2.

Proof of Lemma 2.3.

If c=0, 0 =p, and thus Wg(0) =m (1 — F(p)) E[v|v > p] + X(p, p)E[v|v > p.
By expression (3), this equals k(p)E[v|v > p] = Wy (0).

Proof of Theorem 2.4.

If we take the derivative of Ws(c) with respect to the transportation cost, ¢, we get:

Ws(c) = —mf(p+c) (Evfo = p+d —c)

+m(1—F(p+c)) (lf;f’(;fc) (Eplo>p+c —p—c)— 1>+dic)\{@,p+c}E[v|v > 9]

+M {0, p+ e} 12 (B oo > 9] — 0) 92 — (n —m) (1= F(0)) + (n — m) f(8) %c.
After simplifying:

Wi(e) = —mpf(p+c) =m (L= F(p+c)) = (n—m) (1= F(0)) + (n—m)f(0)gc

“A(8,p+ 0 A+ Blufo > 9] | M5O S 4 Ly (5,p+ c} .



At ¢ = 0, if we substitute expression (7), this becomes:

W5(0) = Efvlv = p] [(n —m)f(p) + A {0.p+c} o] —npf(p) —n (1= F(p)).
From the proof of Theorem 2.1 and substituting expression (6), we get:

W(0) = n (f(p) + SEEE) Blofo > p) = npf(p) —n (1 - F(p)).

Thus, W};(0) > W§(0) if and only if “0=EEE) > ) {5 p 4 c}| _ —mf(p).

Note that L) {0, p+c} = S0 (") (1 — Fp + ¢))’ F(p+c)™ (ng;,jc) - Hg‘w)) Flp+

S () (U= B (@) (o) min{m—i, 1450 (7) (1 = Fp+ ¢))' F(p+

Sy (5 (L= @) Ry (2555 = g ) 420(0) min{m — i, j}.
Evaluated at ¢ = 0, and using expression (7), this becomes:
Mo p+ et =) X s () (") (1= F(p)™ F(p)yn—
m—1t n— n—m)(1-F . .o
(555 — ) + (7 — ) s ) minfm .7}
This simplifies to:
Mo+t L= F0) X X" (1) () (1= F(p)™ F(p)" =
m—i 7 n—m— j n—m)(1-F . .
<<W N 1*F(p)> T < F(p L 171{“(10)) : A)((p,p) (p))> min{m — 1, j}
Thus W{,(0) > W(0) if and only if:
USRI > f(p) o Sy (1) (")) (L= F() ™ F(p)"='~
m—i 7 n—m-— j n—m)(1—F . ..
((W N 1*F(p)> T < P L 171{“(10)) : A)((p,p) (p))> min{m — 14,7} — mf(p)
Multiplying each side by A(p, p)k(p):

Ap,p)n (L= F(p) & (p) = f(p) i X520 () ("7™) (1 = F(p)™ F(p)"~~ min{m—

i, j}



(2 - ) Apopdnlo) + (227 — 158 ) (o) — m) (1 = F(p))

Combining statements (5) and (2):

R(p) = X X0 (1) (") (1= Fp))™ F(p)» 7 (%55t = 5 ) S () min {m, i + ).

Rearranging terms and applying statement (2):
R (p) = F(p) I S5 (1) (157 (1= F(p)™ F(p) = (%5 — g ) min {m — i, j} +
mf(p) (1= Fp) S (77 (L= Fp) Fp)y (25t — ).

Note that 327 (") (1= F(p)) F(p) ' (%551 — 15 ) = 5. Thus:

R(p) = [(0) S Sy (1) (") (L= F(p)™ F(p)™3 ("5t = s ) min {m — i, j} -
mf(p).

Substituting for «/(p) and dividing each side by f(p), it follows that W, (p) > W¢(p)
if and only if:

Y Y () (57 (= FE)™ Fp) = min {m — .}
(%55 = ) Aw.p) = m) (1 = F(p)) =
YIS (1) (1) (L= F @)™ F(p) =~ min{m — i, j}

. y m

(2 - ) Appdnlo) + (222 — 158 ) (o) — m) (1 = F(p))

Multiplying each side by F(p):
>l X5 (1) (75") (L= Fp)™ F(p)~ min {m — i, j}
(n® (1= F(p)) Mp. p) — n(i + j)A(p,p) — mn (1 — F(p)) F(p)) =
> X (1) (") (L= F(p)™ F(p)*~ min{m — i, j}

(mA®,p) = 222 + (0 = m)* (1 = F(p) — (0 —m)j — mF(p)) (p)

Rearranging terms:

S iy () (") (1= F(p)™ F(p)»~~7 min {m — i, j}



(n* (1= F(p)) Mp,p) —mn (1 = F(p)) F(p) + (mF(p) —mA(p,p) — (n —m)* (1 = F(p))) x(p))

Yo iy () (™) (L= F(p)™ F(p)"~ min{m — i, j}
(nli +9)A(:p) — 2B — (1 — m)jn(p))

Using the substitution in statement (3) and cancelling terms:
e i (M) (") (1= F(p)™ F(p)"~" min {m — i, j}
[=m (n (1= F(p)) = £(p))* = mF(p) (n (1 = F(p)) — £(p))] >
S iy () (") (1= F(p)™ F(p)"='=7 min{m — 4, j}

(nli+ ) (k(p) = m (1 = F(p))) — L= OLONE — (11— i) jic(p) )

1-F(p)
Note that 37 S>7-0" (%) ("5™) (1 = F(p)™ F(p)"~ min {m — i, j} X
=2 it (D () (L= F(p)™ F(p)" 7 (m — )X,
= Ty () (M) (L= F(p)) ™ F(p) T (m— i — ) X5

It follows that Wy, (p) > W(p) if and only if:
—m [(n (1= F(p)) = w(p))* + F(p) (n (1 = F(p)) = x(p))]
[mF(p) =~ (5) (1= F(p))' Fp)"~(m — i)] >
m ¥ X5 (1) (1)) (L= Fe)™ Fp)y =
(G + n((p) = m (1 = F(p)) — i (2255 = ma(p)) = j(n = m)s(p))
=3 sy () (M) (U= F(p)™ F(p)m— i

(i + ) (5(p) = m (1 = F(p))) — i (2% — mx(p) ) — 5(n — m)s(p)
< <

=Y Xty () (") (L= F)™ F(p)" = (m—i—j)(i-+j)n (k(p) — m (1 = F(p))) +

>



—m [(n (1= F(p)) = (p))* + F(p) (n (1 = F(p)) = 5(p))

mF(p) = X1y (2) (L= F(p) F(p)"(m — )| >

—m? (n (1= F(p)) = #(p))”

—m (1= F(p)) S0 S5y (52 (*57) (L= F(p)) ™ F(p)md

(G + m (s(p) = m (1= Fp))) = i (2855 = ms(p)) = j(n —m)x(p) ) -

(1= Fp) i (21) (1= F) ™ Fp)"*(m — k)n® (x(p) —m (1 = F(p))) +

(1= F) S0 Sy (1) (157) (L= F)' ™ Fp) - (m—i—j)m (2% — ma(p) ) +

(1= F(p) X X5 (1) (1570 (L= F(p)™ 7 F(p)"= (m—i—j)(n—m)*x(p)

—m? (n (1= F(p)) — r(p))*

—m (L= F(p)) iy S35 (") (57 (L= F(p) 7 Py

(045 + D (6(p) = m (1 = Fp)) = (k+1) (2% — ma(p)) (0 — m)(p) )
— (1= F0) S0 () (1= F@) ™ Fp)™m = i)n® (x(p) — m (1 - F(p)))

(1= Fp) S0y () (1= F@) ™ P~ (m — iym (295 — mn(p))

+(1=Fp) S0, (7)) (L= F(p) ™ F(p)""(m — i)(n — m)2x(p)




Dividing each side by m:
—[(n(1 = F®)) = (1)’ + F(p) (n (1 = F(p)) — x(p))]
mF(p) = S0 (2) (1= F(p))' F(p)"(m — i) >
—m (n (1= F(p)) - x(p))*
—(n=1) (1= F(p))* X35 (15) (1= F() ™ F(p)"'*n (x(p) = m (1 = F(p)))
— (1= F(p)n(sp) —m 1 - F(p)))

Hm=1) (1= F(p) T Sy (72 (7 (1= F @) Ry~ (222 — mi(p))

+ (1= F) (2% — mrp)

i gn_m (= F) i 5o () (50 (0= FE)™ Fipy = (n-
m)KR(p

+(n (1= F(p)) = s(p)’ X () A= F(p)™ Fp)"(m — i)



—[(n(1 = F(p)) = (1)’ + F(p) (n (1 = F(p)) — x(p))]
mF(p) = X1y (2) (L= @) Fp)"(m —i)| =

—m (n (1 = F(p)) - (p))*

—(n* —n) (L= F(p))* x(p) +m(n’ —n) (1 - F(p))’

— (1= F(p)) nr(p) + nm (1 — F(p))’

+(m = 1) (1 = F(p)) k(p)* = (m* = m) (1 = F(p))* x(p)
+r(p)* —m (1= F(p)) x(p)
+(n—m)* (1= F(p)) (p)

+(n (1= F(p) —s(p)" T (2]) A= F@)) " F(p)"~(m — i)

— [mFp) (n(1 = F(p)) — (1))’ +mF(p)* (n (1 = F(p)) — &(p))]
+[(n (L= F(p) = 6(p))” + F(p) (n (L = Fp)) — x(p))]

it (5) (L= F(p)) F(p)"~(m — i) >

—m (n (1= F(p)) = w(p))” F(p)

+(m (1= F(p)) — s(p)) (n (1 = F(p)) — £(p)) F(p)

+(n (1= F(p)) = w(p)* X7 (7)) (1= F(p)™" F(p)"~*(m — )

[(n (1= F(p)) — &(p))* + F(p) (n (1 — F(p)) — x(p))]
S (3) (1= F(p) F(p)»i(m — i) >
(m —k(p)) (n (1 = F(p)) — (p)) F(p)

+(n (1= F(p)) = w(p)* X7, (7)) (L= F(p)™" F(p)"~*(m — )



Note that m—(p) = m =)= m (1 = Fp) = £ () (1= F) F™ -

(n (1= F(p)) = 6(p)’ 1o (7) (1 = F(p)) F(p)"*(m — i) >

| F) ) (L PO~ w6) L () (- FO) T e

It follows that W/, (p) > W(p) if and only if:

>ito (3) (L= F(p) F(p)"~(m—i)=327, (7)) (L= F(p))"™ F(p)"*(m—~i) 2 0
Using the identity ("1_1) = (7) — (ZL__II), this equation becomes:

it (") (1= F() F(p)"~(m — i)

T () 0 F ) =) = () 0 )™
i) =

This reduces to:

| %32”0 (") A= F@) Fp)"(m—1i) =37 (7=) (L= Fp)) ™ Fp)" ' (m —
i) 2

n—1
-1

>t ("7 L= F(p) Fp)"(m—i) =375 ("7") (L= F(p)) F(p)"~ (m—j—
1)

=3 (7 (= Fp) F(p)"~* > 0.

Because ( ) = 0, and substituting j for ¢« — 1, we get:

This last statement is clearly true, and the inequality holds strictly if and only if
p > 0.
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