SEPARATE CONTROL OVER THE LOCAL AND THE
ASYMPTOTIC BEHAVIOUR IN L, SPACES

JEAN-FRANCOIS MERTENST AND ANNA RUBINCHIK?

ABsTrRACT. We introduce 2 parameter variants L 4 of the Lebesgue spaces, to
gain separate control on the asymptotic behaviour (p) and the local behaviour
(¢). Thus they behave w.r.t. p like the spaces ¢, and w.r.t. ¢ like the spaces
Lq on a probability space; they are in fact isomorphic to ZIE(I (thm. 1.iii-iv).
Convolution behaves very well on those spaces.

1. THE SPACES Ly,

Definition 1. G is a locally compact Abelian group, with Haar measure A\, M is
the space of bounded measures on G, X is the increasing filtering family of compact
subsets of G, and (Y is the Banach space of continuous functions tending to 0 at co.

(i) Given a relatively compact measurable subset B of G with non-empty in-
terior, Ly, 4 €of {f measurable: G=R | || fllp.q dof |z = Lo fllqlly < oo},
mod null functions, for 1 < p,q < co.

(ii) For 1 < p < o0, C), is the subspace of continuous functions in Ly, .

(iii) tp: t — t + h is the translation by h on G; and 8 : f +— f ot_j the shift
on functions on G.

CX is the complement of a subset X, #X its cardinality and 1x its indicator
function. €, is the unit mass at x.

Ezample. Take G = R, with B the unit interval. Functions in L, ; are then ‘uni-
formly’ locally integrable. If f > 0 is unimodal, || f]l1,00 = |fll1 + | f]locs S0 L1,00
contains most classical probability densities.

Remark 1. Lo (L¥¢ for p with compact support) is the natural function space on
which M acts by convolution (rem. 6, prop.2). These spaces allow in [2] to study
as operators the derivatives of a fixed point with infinite-dimensional parameters.

Theorem 1. In the following statements all the constants implied by norm equiv-
alence are independent of p, q.

(i) Ly q is a Banach lattice, and 8 an isometry on Ly 4.
Norm equivalences:
(ii)) Two different relatively compact measurable sets By and By with non-
empty interior yield equivalent norms ||-||,.q -
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(iii) Let B C G be measurable and relatively compact, and J C G be uni-
formly discrete, i.e., s.t. (J —J)NV = {0} for some neighbourhood V' of
0. If J + B covers G up to a negligible set, then ||j — ||1;4+5fll4llp is an
equivalent norm, where the p-norm denotes the £, norm over J.

(iv) There exist pairs (J, B) as sub iii, with B a difference of 2 compact Baire
sets, with non-void interior, and s.t. its translates by J form a partition of G.

(v) [[flloe.q = sup,llLatBSflq-

Monotonicity w.r.t. p and g:
(Vi) Illp.p = AB)Y?[|-llp, 50 [|[lpp is equivalent to ||-],.
(vii) ¢ <q' = | llpg < ABNYTVI | lpgr < max{L, AB)}H-llp.q-
(viii) p' > p = ||llpng < |Illp.q Up to a constant factor.!
(ix) Cp is closed in L, ~, and, if p < oo, injects continuously into Cy.
Monotonicity w.r.t. f:

(x) The R-valued measurable functions form a complete lattice. Denote by
esssup the sup in this lattice. For a filtering increasing net f, > 0,
lesssup falpg = suplfalpa-

(xi) Vf € Lyg, imeolle Al fllp.g = 0.

(xii) If p < 00, Vf € Lp oo3g € Co: | f| < g except on a null set.
Holder and duality
(xiii) If L + 5 = % and (1% + (1% = %7 1£9llp.a < I fllpr.aallgllpe,q. for frg
Lebesgue—measurable,
Conversely, N(f) = SUP| (gl s, q2<1||f9|
(xiv) Up to norm-equivalence, for 1 > —|— = = —|— =1, Ly o is a closed subspace
of the dual of L, 4, and equals th1s dual 1fp < 00 and g < 0.

b 1's equivalent to || f||py.q: -

Proof. i: Note first that for f € L, 4, |f| < 00 a.e.: else there would be a compact
set of positive measure where |f| = 0o, implying that | 1,4+ 5 f||; = 0o on some open
set. Thus L, , is a vector lattice. |-||p,q is & norm because |-||, and |-||, are so.
Completeness follows then by showing, using the monotone convergence theorem,
that a norm-summable series converges. Shift-invariance is clear.

ii: Let gi(z) = ||Loxn, f(5)lg, ¢ € {0,1}. The translates of the interior of
By cover G, so for some finite subset I C G, I + By covers the (compact) clo-
sure of Bj, so 1,15, < ZyeI y+z+Bo- Then, a first use of the triangle in-
equality yields g1(z) < Zye 190(z +y). A second one yields then immediately
lgilly < 3yerllz > 9o + il = #1goll, by shift invariance.

iii: New norm is weaker: By uniform discreteness of J, and continuity of addi-
tion, take a compact neighbourhood B’ of 0 s.t. (B' — B') N (J — J) = {0}. Then
all translates of B’ by j € J are disjoint: if j; € J 5 t. (j1+B')N(j2+ B’) # 0, then
ji—ja € (B —B)AJ = {0} Thus [flpg 2o 1Lss-p flolly, > llz —

25 V45 (@) Ly B—p fllgllp, which is > [lz = 3, 115 (@) 148 flqllp since
j+BCx+B—B'Vje JVrej+B. And this equals \(B)?|j = | L5l
whether p = 0o or not. Thus the claim, since A(B")/? > min{1, A\(B")} > 0.

New norm is stronger: first, using instead of B another measurable relatively
compact subset B’ yields a weaker norm. Indeed, the translates of B by J cover G
up to a null set, so the set of such translates by I = (B’ — B) N J covers B’ a.e.;
but I, being compact and discrete, is finite, so the rest of the proof of ii applies.

Then replace first B by one of its compact neighbourhoods. The union of its
translates is closed, B being compact and J closed; its open complement is negligi-
ble, thus empty: J+ B = G. For the norm with J use B’ = B+ B. Then, as above,

1Unlike in £p spaces, the constant factor can not be taken as 1, even for G = R and B = [0,1].
If f = 1jo,1), then ||f|lp,q = (2/(1 +p/q)) P, which is > 1 for p < g, = 1 for p = q or oo, and < 1

else. E.g., || fllz,1 = 3\% < .8, so even 1.25 would not suffice.
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1flpg < o = ¥, Lan@llesn s < lz = ) Lis@) s oy =
MBYYP|5 = | Lj45 fllgllp - Conclude by A(B")YP < max{1,\(B)}.

iv: By [3, p. 110], G has an open subgroup G; = Gy x R™ where Gy is a compact
subgroup. Let B = Go x [0,1[", Jo = {0} x Z"; select some z; in each coset i of
Gy, and let J = |J;(z; + Jo): clearly the j + B (j € J) partition G, and the trace
of J — J on G equals Jy, so J is uniformly discrete.

x: Complete lattice: define the esssup locally, using a concassage.? With f =
esssup fo, clearly || f|lp.q > sup||fallp,q- Conversely, note first that x +— ||1z4+5f]q =
esssup||Lu45fally: indeed, given K € X, let K1 = K + B (with B the closure of
B); on the compact set K7, f = sup fq,, where the «,, are an increasing sequence;
thus also L4z g = SUP Lot 5fa, g = €555Up| a2 fa, Iy < €s55upl|Lszfally
on K. Since this holds for every K, ||Lo4gf|lq < esssup|ly+Bfallq, and since
x> ||1z4Bf]lq is measurable, clearly||1,4+5f|lq > esssup||Ly+Bfallq, thus equality.
The result follows then by taking ||-||, norms.

v: For ¢ < 00, ||14+5f]lq is lower semi-continuous in  [use prop. 2 (which does
not depend on this point) with © = €, and a sequence g,, > 0 in L, increasing to
|f|9; alternatively, it is the usual continuity property for L, spaces|, and thus its
esssup, is equal to its sup,.

1£g = 05, | fllao > sup,|[Tar 5 flloe. By definition, |[f]lo = supcl|1c flloc, C com-
pact. For any C there is its element xc such that |[1cf|e = [[1n,, fllec for any
open neighbourhood N, of z. in C. B has non-empty interior B, so U, = x, — B°
is open, and for any € Ue, ||Lo1Bflloc = | 1cf|loo- Thus esssup,||lotnflloo >
Lo f]loo for any C, and hence esssup,||ly+5f|lcc > supa||Lle flloe Combining the

inequalities above, esssup, |1zt 5f|lcc = [ f]loc = sup,[[Lat-5f]loo; but esssup() <
sup(+) then establishes the equality: esssup,||Ls+5f|lcc = ||fllcoc = supyll Lot Bf|loo-

vi: The case of ¢ = oo is covered above, and the proof for ¢ < oo follows from
shift invariance: by Fubini, [[ 1,4pf(s)dsdz = X(B) [ f(z)dz, whenever f > 0
and B are measurable. Finally, note min{1, \(B)} < A\(B)'/? < max{1,\(B)}.

xi: If p = oo, the result is immediate. Else, ||L1,4+p5(c A |f])|lq — 0, hence the
result by the monotone convergence theorem.

xiii: If the right hand side is co, there is nothing to prove; else if one of its
factors is 0, fg is negligible and the result holds. Else both factors are finite, and
one concludes using Hélder’s inequality twice.

For the converse, use, with the equivalent norm described in iv, the correspond-
ing result for L, spaces twice, first on each z + B (z € J) to choose g there up to
scale, next on J to fix those scaling factors.

vii: Use xiii with g =1, ps = 0o, q1 = ¢'.

viii: Let [[f[[5,4 = [l = [1TayB—Bfllqllp; using ii [ £]5,, < K[| flp,q for some k> 0.
Let F = [|[1o1Bfllq: fory € 2+ B, |1y45-Bfllq = Fi, so Fi < )‘(B)il/prH;,fI’
hence | flloo.g < K| fllp.gy where K = kmax{1,\(B)~'}. Thus, if ||f]/,, = K1,
F, <1, 50, for p/ > p, F¥ < FP: [FFdz < |f|B, = K7, thus |||y, < K/,
hence by homogeneity ||-[|,q < Kl_p/p,”'Hp,q < max{1, K}|-[lp,q-

xii: By viil, [|f]lco,c0 < K|/ fllp,co: f is bounded. Hence this reduces to: if
further f = 1g, then S is relatively compact up to a null set (indeed, let then
vn = 27" flloer Su = { | 1F@)] > va }: if gn € Co, vu_11s, < g < vn_1 ace.,
then g = >, o09n € Co and g > f a.e.). With a norm as sub iv, Z = {z € J |
[ 1.4+5f]lc = 1} must be finite, since the £, norm of 1 is finite; each z + B being
relatively compact, the result follows.

ix: follows from xii and viii.

2 A maximal disjoint family K, € K s.t. Ko is the support of the restriction of A to K.
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xiv: The first part follows from xiii: the inequality implies that L,  maps into
L; ., and the converse that this map is a norm-equivalence (thus, injective).

For surjectivity, let ¢ € L . and use norms as sub iv. Apply first ¢ to the
restriction of L, 4 to each z+ B (z € J): this yields a measurable function . Each
compact set C being covered by finitely many such translates, 1 is such that YC
compact, Y1¢ € Ly and Vf € Ly, 4, (Lo f) = [¢lcf.

Ifg>1,letx, =1.4B sign(d))(ﬁ)‘ﬂq where the ratio is set to (A(B))~1/¢
if the denomlnator 1s 0. Ifg=1,let C, —q{x €z+B||Y(z)] > (1 —9e)||vlrBlloo}
and x. = sign(1)) o< )\(C 5- Note that Vz, |Ixzllg = 1 and f¢xz > (1—e)|vlernlly®

Let f = > ,o.x; for some a € 0,(J): [[flpq = llfp. Assume a > 0
with finite support. Then [¢(f)| < [l flpq = Illlall, and, by the above,

o) = Xya [t > (1 — )%, allvlornly: 3y alvlasly < lellal,.
€ > 0 being arbitrary. ThlS extends immediately, first to arbitrary o > 0, then to
any o € €. Thus ||z = [|[¥1.48]¢llp < |l¢ll, by the duality theorem for ¢, spaces
if p < 00, and trivially if p = oc: ||¢Hp 7 <|ell

In particular, by xiii, (: f — o(f) — [fY € Ly ,, and by the above, ((f) =
whenever f has compact support.? By cor. 1.iv, those f’s are dense, so, by contl—

nuity of ¢, ((f) =0Vf € Ly g [f=p(f) on Ly ,. |

Corollary 1. (i) | fllpy = limxexcl fLx g
(ii)) If p < oo, f=limgex flix in L, 4
(iii) For K € K, the norm f — || f1k||p.q is equivalent to the norm f — || f1xk||q
(iv) If p, q < oo, continuous functions with compact support are dense in Ly, ,

Proof. iii: By thm. 1.ii, choose for B a compact neighbourhood of K. Then, if
Suppf CK, ||Ilw+Bqu, I1z+5fllq equals || f||4 on the compact neighbourhood of 0
cL ﬁweK(x B), is 0 outside K — B, and elsewhere lies in between. Thus if p = co
the result follows trivially, and else (A(C)Y?|fllq < Ifllp.q < AE=B)Y?||f|l4-

i: follows from thm. 1.x.

ii: |f| > ¢ is relatively compact by thm. 1.xii, and f1,¢>. — f by thm. 1.xi.

iv: f1)f|>< can in turn be approximated by continuous functions with the same
compact support, using iii. |

Corollary 2. 3K: [lz — [[t = f(z —t)g(O)llqllp < K[ fll1.00llgllp.q-

Remark 2. Thus, for any f > 0 in Lq o that is a.e. > ¢ > 0 on some open set (in-
stead of just f = 1_p), the above formula defines an equivalent norm on g € L, ,.

Proof. The worst case is when f > 0, g > 0. Assume, adjusting K, that the norm
used for f is as described in thm. 1.iii; the worst case is then when f is constant
oneach j+ B, j e J: f=73 ful; +p for some sequence j, in J. Since the
L, norms are subadditive along sequences, the left hand member is <>°  f,|lz —
It — 1, +B(x —t)g(t)|lqllp, which is s= ||z — ||t = L.—;,—BYllqllp 2, fn because
the norm is constant in n, the different functions of = differing only by their shift
by jn. Hence the result, since > f, = = 0, the norm is
< lgllp.q- u

Definition 2. H C L,  is tight (or: (p,q)-tight) iff it is bounded and Ve > 0
K e KX st. Vf € H, | flgkllpg <e.

Remark 3. Cor. 1.ii states that, for p < oo, finite (hence also compact) sets are tight.
30ne could as well deduce the existence of such Xz from the converse in xiii.

4So, even if p = 0o, ¥ € Ly o is the “o-additive part” of p € L% ., and ( its part at oo; and
there is an obvious counterpart to be shown for g =

p,q’
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Lemma 1. If f, — f locally in measure and |f,| < g, where g, is relatively
compact in Ly, , for p,q < oo, then f, — f in L, 4. The same holds for ¢ = oo if
the f, are equicontinuous, and then f,, = f in C,.

Proof. Since p < oo there is a o-compact set carrying all g,, (cor. 1.ii). Extract thus
a subsequence s.t. f, = f a.e., and g, — ¢ in L, 4, and s.t. further ||g, — g||p,q is
summable. Then h =g+ |gn — 9| € Lpq, and |f, — f| < 2h Vn. Thus f, — f
in L, , (dominated convergence), and f being independent of the subsequence, the
same holds for the original sequence. If ¢ = oo, equicontinuity of the f,, implies
first that their a.e. limit f is also continuous, and a pointwise limit, so the h, =
SUpPy~,|fx — f] are also equicontinuous, and decrease pointwise to 0, hence uniformly
on compact sets. Thus z +— sup 1,4 gh, € L, decreases pointwise to 0. |

Proposition 1. (i) The 0(Lso,1,L1,00) topology coincides on bounded sets with
the topology of weak-convergence in Ly on compact sets. (ii) For p > 1, a set is
0(Lp.1, Ly oo)-relatively compact iff it is bounded and locally uniformly integrable.
(iii) A set is 0(L1 00, Loo,1)-relatively compact iff it is tight. (iv) On (1, c0)-tight
sets, the Mackey topology T(L1 o0, Loo,1), the topology of local convergence in mea-
sure and the Ly topology coincide, and the norm topology, the topology of uniform
convergence on compact sets and the Lo, topology also.

Proof. i: the L; -topology is that of uniform convergence on bounded subsets of
Loo,1 (thm. 1.xiv) and the functions with compact support are dense.

ii: Weak-compactness implies boundedness; local uniform integrability is needed
by the weak-compactness criterion in L, spaces on a finite measure space. Con-
versely, by the latter a locally uniformly integrable set is relatively weakly compact
in each L;(K), K € K. By the Eberlein-Smulian theorem [e.g. 1, 17.12 p. 159], we
can also assume the set is a sequence f,, and it suffices to show it has a cluster point.

If p < oo, each f, is carried by a o-compact set, hence the sequence too; so
one can extract a subsequence converging weakly in L; on each of those com-
pact subsets K}, assumed increasing w.l.o.g. For the limit f thus defined, and
any B C Ky, ||1gf]l1 < liminf,||Lpfn|l1, so Fatou’s lemma yields VEk, |1k, fllp1 <
liminf,|| L, fnllp,1, hence || f|lp,1 < liminf, || fn]lp,1 (monotone convergence, thm. 1.x).
Clearly any cluster point of the f,, in Li(K), K € X, must equal f. Since f, is
relatively weakly compact in L1 (K), f,, converges to f weakly in Li(K) VK. So
fn — f on all functions with compact support in L. Since those are dense in L,/
(p > 1), and the sequence f,, ..., f is bounded in Ly, 1, fn = f 0(Lp,1,Lp,00)-

If p = oo, take a concassage K, (fn.2): since, on compact sets Ko, Loo,1 coin-
cides with L; (thm. 1.ii), the weak topologies coincide too, so the classical weak-
compactness criterion in Lj in terms of uniform integrability implies the set is
relatively weakly compact in each Li(K,). So any ultrafilter U on the set has a
weak limit in [[_, L1 (K4 ), which can be identified with a measurable function f on
G (defining f on each K, as an arbitrary element of the limit equivalence class, and
f =0 outside |, Ko). Further, by the same argument the set is weakly relatively
compact in L1 (K) VK € X, so U has a weak limit in L;(K), which can only be f
(since, by definition of a concassage, any relatively compact open neighbourhood
of K intersects only countably many K, and their complement is negligible): U
converges to f on all bounded measurable functions with compact support. The
boundedness condition implies then that f satisfies the same bound (because closed
balls in L1 (K) are weakly closed), thus is in Ly 1. Since functions in Lo, with com-
pact support are dense in L o (cor. l.ii), boundedness of the set ensures U still
converges to f in duality with L .
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iii: A tight set H can be assumed convex, and because of tightness every-
thing happens in a o-compact subset of G. Therefore each point in the (com-
pact) o(Lso, L1)-closure H of H is the limit of a sequence in H; by convexity,
one can choose this sequence to be 7(Loo, L1) convergent, i.e., convergent in mea-
sure on compact subsets, and hence, extracting a subsequence, it is the limit of
an a.e. convergent sequence in H. Thus, by Fatou, H satisfies the same tightness
condition as H itself, so we can assume H = H, i.e., that H is 0(Leo, L1)-compact.
Again by the o-compactness, any point in the (Lo, L1)-closure A of A C H is the
limit of a 0(Lwo, L1)-convergent sequence in A; tightness implies then this sequence
is 0(L1,00, Loo,1)-convergent: o(Loo, L1)-closed subsets of H are still 0(L1 o0, Loo,1)-
closed, so the 2 topologies coincide on H, which is thus o(L1, o, Loo,1)-compact.

Conversely (“sliding hump method”), assume H is 0(L1 00, Loo,1)-compact and
not tight. By weak*-compactness, H is bounded; so 3¢ > 0: VK € X3fx € H
s.t. || frler|l1,00 > €. Define the norms by a compact neighbourhood B of 0, then
inductively Co = 0, f, = fo,, Kn € Ks.t. K, 2 Cpand Vi < n || filgk, [[1.00 < 171
(rem. 3), then Cn+1 e X s.t. Kn + (B — B) g Cn+1. So Cn g Kn g Cn+1,
(Kn — B) N (ECn+1 — B) = (Z), and an]ll]CnHl,oo > €, ||fi]1[‘.Kn||1,oo <ntVi < n.
Since the f; live thus on the o-compact subset |J,, Cy, of G, extract from them a
subsequence converging o(Ls, L1), say to f, renaming it as f, itself: all above
properties are preserved. By compactness of H, f,, — f in H; and clearly f is car-
ried by UJ,, C. Let h(z) = esssup(1,45|f|): h € L1, and is carried by |J,, C, — B,
=U,, Cn because K,—B C Cp,41. Thus In s.t. fGCn|h| < £, hence || flge, 1,00 < 5-
Thus f, — f is not tight, and converges 0(L1, 00, Lioo,1) to 0. We can thus assume
that our original set H was {f, — f | n > 0} U{0}, and that our above construction
was carried out with that H: now f, — 0 0(L1,00, Loo,1) in addition. Let now
gn have support in K, \ C,, and be s.t. ||gnllccg = 1, [fngn > 6(c — n~1'), where
0 is the constant stemming from the norm-equivalence in thm. 1.xiii. Construct
then inductively a subsequence n; as follows: ng = 0; assume ng . ..n; known; since
fn = 0, Inip1 > ng st Vo > nggr, Ve < ng, | [ fagr] < (i 4+ 1)72. Renaming the
subsequence as just f;,g; etc., all our previous properties still hold, and now in
addition Vk < n,|[fugk] < n72 Then g = > gn is s.t. ||g|l,1 = 1, because
(K —B)N(CCpy1 — B) =0. And [ frg > 6(e —n~') —2n~1, which is > $de > 0
for n sufficiently large, contradicting that f,, = 0 0(L1 00, Loo,1)-

iv: Since the unit ball of Lo is 0(Loo,1, L1,00)-compact, the Mackey topology is
stronger than that induced by L;. Conversely, if a net is tight and converges locally
in measure, consider a compact set C' corresponding to €: since a weakly compact
set is norm-bounded, say by K, the total mass of the net outside C' contributes at
most Ke to the result, and on C', the boundedness implies boundedness of the net
in Lo, hence its Mackey convergence is classical.

The last statement is obvious. |

Corollary 3. The Mackey topology T(Leo,1, L1,00) coincides with I}°¢ on bounded
sets of Lo, 1.

Proof. Use point iii. ]

2. CONVOLUTION

Definition 3. Take 2 Radon measures pand v s.t. [pxv|({z,y | z+y € K}) < oo
VK € K. Define their convolution as the measure p*v: f— [ f(s+t)u(ds)v(dt)
for every continuous function f with compact support.

Remark 4. For positive measures, if either (uxv) % p or p* (v * p) is defined, so is
the other and both are equal.
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Remark 5. The convolution is defined on M, and turns M into a commutative
Banach algebra. L, is identified with the corresponding subalgebra of M.

Lemma 2. If f is Haar-measurable (resp., -integrable), f(t — s) is A(dt) x pu(ds)-
measurable (resp., -integrable) Vi € M, for the completion of the Borel extension
of A x i on G x G, and its equivalence class depends only on that of f.

Proof. Consider first a Borel f, and use Fubini’s theorem, and that any Haar locally
negligible set contained in a Borel set of measure 0. ]

Definition 4. For f > 0 Haar-measurable and p € M the convolution p* f is
the equivalence class of ¢ — [ f(t — s)u(ds), for any f € f. For f Haar-measurable
and p € M, ux f Lef Py * fr—p—x fr — pg* f— + p_ * f_ if a.e. well-defined.

Remark 6. For f > 0 Lebesgue-measurable on R, f ¢ Loo1 = Ju: p* f =00 ae.

Proof. 3x,: f?ﬁl frdt > 2™ So for p; Lebesgue measure on [—1,1] and f; def

w1 f, fi(x) > 2% on [z, — 1, 3,]; thus, with ue = Y- n"2%e_,,, fo def Ho * f1 = 00
n [—1,0]. Convolution with a p3 with full support is then co a.e. [ |

Theorem 2. (i) For (f,pu) € Ly q X M, pu* (fdX\) and (pu f)d\ are well-defined
and equal. (ii) Convolution defines injective, norm 1 algebra homomorphisms of
M into the Banach algebra of endomorphisms of every Ly, , and C,, space. (iii) For
p,q < 00, and the (M, Cx) topology on M, (i, f) — pxf from M x L, 4 to Ly 4 or
from M x C,, to C,, is jointly continuous when restricted to compact subsets of M.

Proof. [ p(Iul*[f)®)dt = [[[._ ., glf(®)]dt]|u|(ds) (lemma 2, Fubini), so [|u %
Flloo,t < Nl flloo,1: 1 * f is well-defined on Lo 1, thus (thm. 1.vii and viii) on all
Ly q. wx(fdX) = (u* f)dA follows then too, hence i.

We show now, for continuous f with compact support, that ||pxfllp.q < |l fllp.q
and po* f—0in Cy (ain a directed set A) if po—0 in 0 (M, Coo ) is relatively compact.

f is uniformly continuous, so it and its translates are uniformly equicontinuous,
so the piq * f are uniformly equicontinuous.® Since jio, — p implies their pointwise
convergence, that convergence is uniform on compact sets.

If all po are carried by a fixed compact set K, all po * f vanish outside the
compact set K + Supp f, so this uniform convergence implies pio, x f — p* f in all
[Illp.g (i-e., in C1). So, for p with compact support K, taking the p — g with finite
support C K and s.t. ||ua| < ||p]|, shift-invariance (for point masses) and convexity
of the norm (thm. 1.1) imply ||pa* fllp,g < ||ttallll fllp,q, and thus, by the convergence
in all |||lp.qs e * Fllp.g < el fllp,q for all continuous f with compact support.

Any p € M is the sum of a norm-summable series of p’s with compact support,
and the corresponding series of convolutions with f is then also norm-summable,
hence convergent, L, , being a Banach space. By thm. 1.vii and 1.viii, a fortiori
the series converges to the same limit in Lo, 1. But since (cf. supra) ||p * floo,1 <
[leellll flloo,1 o0 M X Log 1, the limit there can only be p« f: the series converges in
L, q to px f, hence the inequality goes to the limit: Vf continuous with compact
support, ¥ € M, % flip.g < Il Il

For general p,, relative compactness implies tightness: Ve > 0 3K € X: Vq,
lal(CK) < e. Let then fiq = fia|x, and, for an ultrafilter U refining the natural
filter on A, i = limy fio. By the above, limy fiq * f = fix f in all ||-||p,4. Since
lfio — pall < & and hence [[fi — | < 2, we get that [|fia * f — 1o * fllpg and

[ *f—p*flpg are < ellfllp.g so limullpa * f — px fllpg < 2]/ flp.q; € being
arbitrary, this limit is 0; finally, U being arbitrary, pe * f — px f in ||-||p.q-

5The modulus of uniform continuity of f (i.e., the map ¢ from neighbourhoods V of 0 to R
s.t. (V) = sup,_ycv|fze — fyl) is, by integration, when multiplied by sup||pa|l (< oo by relative
compactness), > that of the pq * f.
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Consider next the inequality [+ fllp.q < |1 £l for a general f € Ly,.

For p, ¢ < oo, there exists by cor. 1.iv a sequence f,, of continuous functions with
compact support converging to f. The inequality implies pux f,, is a Cauchy sequence
in L, 4, thus convergent there, say to g. By thm. 1.vii and 1.viii, a fortiori f, — f
and p* fr, = g in Lo 1. But since (cf. supra) ||px flloo,1 < |41 flloo,1 00 M X Lo 1,
ur(frn—f) = 0in Log1: g=p* f,80 i fr, = px fin Ly ,. Hence ||ux fllpq =
im{l% fllpg < 2]l imilfullpg = 2] Fllg: the inequality holds ¥f € Ly,.

For L, ~, normalise Haar measure s.t. A(B) = 1: this does not affect the inequal-
ity to be proved, since |||, gets multiplied on both sides by the same constant.
Then by thin. 1vil Lo C Lyg with [-[p.co > |-lpg: 50 [l 0 > [l 7lpg >
lee * flip.q- But || flln /|| fllcc on a probability space yields by monotone conver-
gence that [[g[|p,n / [|9]lp,oc, hence the inequality.

For Lo 4: by thm. 1.v || f|lco,q = sup,llLlz+5fllq, SO by the duality of L, spaces
| lloo,a = sup{[fg | lglly <1, g = 0outside some z+ B}, & 7= =1-1 and g can fur-
ther be required to be bounded. Thus it suffices to show that [( u*flﬁg < el f oo, q
for any such g. The integral equals [[f(t —s)g(t)\(dt)p(ds); indeed, Fubini applies
by lemma 2 since g is bounded and has compact support. By Hoélder, the inner
integral is < | Lsupp(o) Flly < || flloe.0» hence the claim: 1% f[lp.q < lllllf 5.0 P 0

Consider now iii in general.

Since p, g < oo, any f € L, 4 is by cor. 1.iv the limit of a sequence f,, of continuous
functions with compact support. The ¢y, = p — p* f, are o(M, Cx )-continuous
on compact sets, as seen above, and, by the inequality, converge uniformly on com-
pact sets to ¢, which is thus o(M, C )-continuous on compact sets K, Vf € Ly ,.
Joint continuity with 4 € K follows then from || — dg|lp.q < sup,ellullllf—3gllp.q-

Remain thus only the following five points.

1t is an endomorphism of any C,: px f is continuous when f is so, as seen above,
and p and f have compact support; this holds thus still for an arbitrary continuous
f, since the value of u % f in the neighbourhood of any given point depends only
on the values of f on some compact set, so f can be modified outside that such as
to have compact support. Hence, for f € Co, u* f € C too, YV € M, p being
the sum of a norm-summable series of measures with compact support. Since by
definition Cp = Coo N Ly oo (With ||||p,0), i acts with norm |[|u|| on all Cj, too.

The joint continuity property holds then on C), (p < c0) too, as above, continuous
functions with compact support being dense in C,.

Observe that the definition (uxv)(f) = [ f(s+1t)u(ds)v(dt) extends in the usual
way from continuous functions with compact support to all bounded Borel func-
tions. This implies ux(v* f) = (uxv)x f for all bounded Borel f; equality also holds
for all negligible f by definition (def.4), hence for all bounded Haar-measurable f.
Thus, if g, v > 0, it holds for all Haar-measurable f > 0; hence for all f € L, ; and
all p,v € M. So, the homomorphisms are algebra-homomorphisms.

Since ¢y € M, they cannot have norm < 1.

As to their injectivity, suffices to prove it on the smallest space, C1 by thm. 1.vii
and viii. Take p € M st. ux f = 0Vf € C;. C; being dense in L;, the same
holds for f € L;. Let fy be the density of Haar measure normalised on com-
pact neighbourhoods V of 0; then for continuous functions g with compact support

Jg@®)(u* fv)(t = [ fv(z)g(z + s)A\(dz)pu(ds) converges to [ g(s)u(ds) when
V decreases to {0} by the unlform continuity of g. Since px fiy = 0, we conclude
that p(g) = 0 for all continuous g with compact support: u = 0. [ |

Remark 7. The continuity property does not hold on Le 4: e.g. for f(z) = sin(z?),
||(61 —€0) * flloo,q — 0 is false, along any subsequence and for any ¢, though
fEC,CN qLoo.q, and though continuity holds on all C) (p < o0).

For Lp ot |[(€1 = €0) *x Ljo,1][lp,oc = (2 + )p >1Vn Vp (using B = [0, 1]).
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By thm. 2.iii, A. Weil’s compactness criterion [3, p. 53] still holds (same proof):

Corollary 4. For p,q < oo, K C L, 4 is relatively compact iff it is (p, q)-tight and
Ve > 0, 3V neighbourhood of 0 in G: Vx € V.Vf € K, ||8zf — fllp.q < €. The same
holds for Cp, (p < ), using ¢ = oo

€

Proposition 2. (i) 3K : VYp1,p2,q > 1 s.t. p~t def prt -1 >0, if
I fllpr.allgllps,y < o0, where ¢'=* = 1 — ¢, then f % g is everywhere
well-defined, and € Cp, and || f x gllc, < K||fllp.qllgllpz.q-

(ii)) Ifpy,q < 00, and E C Ly, , is relatively compact (or just ‘equicontinuous’:
x — 3, f from G to Ly, 4 is equicontinuous (at0) for f € E) and B C Ly, o
is bounded, then convolution maps E X B to a bounded uniformly equicon-
tinuous set H, with modulus of continuity supy,¢ i sup,|h(z +z) — h(z)| <
(K SUPgeB”ngz,q’) SUpfeEHSZf — fllpsa-

(iii) If ¢ = oo, point ii still holds, replacing L, 4 by Cp, .

Proof. The result is clear if either || f|p,,q or ||g||p,,¢ = 0. Else both are finite. In-

creasing p1 to P1_1 = 1—;02_1 preserves the finiteness, by thm. 1.viii, so, by thm. 1.xiii,

f * g is everywhere well-defined, f(t—z)g(x) being integrable in x Vt.

We first prove the inequality sub i, interpreting ||h||c, as ||z Supy€I+B|h(y)| IIp-

Let F, = ||L.+8fllqy G- = ||1.4B9llg and, with h = fxg, H, = || 1,4+Bh| -
Since f(t —x)g(x) is integrable by Fubini h(t) = A(B)ff]lz+3 ) f(t—2)g(x)drdz,
so by Holder, |h(t)] < 3 B) NI fll4G.dz, and thus H, = sup,c,, plh(t)] <
)\(B) JIly—.+B-Bf|l4G-.dz. Since B is relatively compact W1th non-empty interior,
there is a finite set I C G s.t. [+ B D B— B, thus H, < X B) Yier JFeriotGedt =
[éB) Yoicr(FxG)(z+i), hence by Young’s 1nequahty [4], and Minkowski’s, | H||, <

IE | p: IGlp, with K = A(—B), which is the desired inequality.

In particular, the inequality sub i holds with the sup norm on the left-hand side
(thm. 1.viii). This implies then f % g is continuous if either p;, g < oo or pa, ¢’ < oo:
e.g., in the first case, since $,h — h = (S.f — f) x g, sup,|h(z — 2) — h(z)| <
K|8.f = fllpr.qllgllps.q> and by thm.24iii z = $.f: G — Ly, , is continuous. If
neither pq, g < oo nor pa, ¢’ < 00, since we can’t have p; = py = oo nor ¢ = ¢’ = oo,
it must be that either py = p=o00, po=¢g=1lorpy=p=o00,p; =¢ = 1.

The two cases are dual. Assume the first: sup,|(f * g)(z)| <
o0, and we want to show that f % g is continuous. By the inequality, and cor. 1.ii,
approximating g by some g with compact support yields a uniform approximation
for f*g, thus preserving continuity: we can assume g has compact support, say K.
Then continuity of f*g at x involves only values of f in a neighbourhood of z — K:
f too can be assumed to have compact support. Then, by cor. l.ii, f € L; and
g € Lo, case (p1 = ph = q =1, by thm. 1.vi) where continuity is already proved.

ii: Relative compactness of E implies its equicontinuity by cor. 4; given this, the
proof was done 2 paragraphs above. And iii is the same, using thm. 2.iii for C,,. R

Next corollary is needed for cor. 6.

Corollary 5. Convolution with an element of L is a sequentially continuous map
from Ly 0(L1, L) to Cx with the topology of compact convergence.

Proof. By prop.2.i, L1 X Ly is mapped to Cs. Assume h,, is uniformly integrable
in L1, f € Ly, and let us show that h,, x f are equicontinuous. The h,, can then
be assumed uniformly bounded, and with support in a fixed compact set K, by a
uniform approximation in L1, resulting (same formula) in a uniform approximation
in C, preserving equicontinuity. f can also be taken as an indicator function, of
a Borel set B, by linearity and uniform approximation; then, equicontinuity being
a local property, since the h,, are carried by K, B can also be assumed relatively
compact. Finally, the h, being now uniformly bounded, one can approximate 1p
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in L1 by a continuous function with compact support. Equicontinuity is obvious
then. If now the h,, are weakly convergent to h, the h, x f converge pointwise, by
definition of o(L1, L), and hence uniformly on compact sets by equicontinuity. W

Corollary 6. Convolution with an element of Ly o, Is a sequentially continuous
map from Ly (L1, L) to Cy.

Proof. Let h € L1 o0; by prop. 2. (p1 = p2 = ¢ = 1) the map from L; to C} is contin-
uous, hence weakly continuous. Thus if f,, — 0 0(L1, L), h* f,, — 0 weakly in Cq,
and by cor. 5, the hx f,, are equlcontmuous so the hx f,, converge uniformly to 0 on
compact sets. For a compact set K, JK = ||]13K(h*fn)|\1 oo < Jur SUPrest s [IM(E—

)||fn( )|dzdz; so, with Hy = sup,c,, lh(t)], H € L1 oo (thm.1.ii) and JE <
f[‘.K (x—2)|fn(z )|dzdx—fGK N fn(2)dz, where G (2) = [oe_, H(y)dy. There
is a K, subgroup Gg outside of which H and all f,, are neghglble Then, for K,, ~*
Go, the Gk, are uniformly bounded and decrease pointwise to 0 on Gy, hence, by
the weak compactness of the f,,, limg+ sup,, JE = 0. Together with the uniform con-
vergence of the hx f,, to 0 on compact sets, this implies their C; convergenceto 0. W
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