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Abstract

The non-dictatorial asymmetric Nash bargaining solution is characterized on

the basis of independence of irrelevant alternatives, independence of equivalent

utility representations, and a new axiom—moderate collective rationality. The

latter is logically weaker than Roth’s (1977) strong individual rationality and

logically stronger than Anbarci and Sun’s (2011) weakest collective rationality.
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1 Introduction

A bargaining problem is a pair consisting of a set of payoffs—the feasible set—and a

specific point in that set, the disagreement point. The interpretation is the following:

two players need to choose one point (a utility allocation) from the feasible set;

agreeing on x provides player i with the utility payoff xi while failing to reach an

agreement leads to the implementation the disagreement point. A bargaining solution

is a selection—a rule that picks a payoff vector from the feasible set in every problem.
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Nash (1950) characterized his solution—the maximizer of the “Nash product”—on

the basis of four axioms: weak Pareto optimality, independence of equivalent utility

representations, symmetry, and independence of irrelevant alternatives. When the

symmetry axiom is dropped from the list, an infinite family of solutions emerges—

the family of generalized (or asymmetric) Nash solutions. Each member of this family

corresponds to a certain weighted Nash product. The dictatorial solutions are the

ones that correspond to the weights (1, 0) and (0, 1); they are the only asymmetric

Nash solutions that violate strong individual rationality.

Roth (1977) showed that strong individual rationality can replace the weak Pareto

axiom in Nash’s characterization. Moreover, in the presence of strong individual

rationality, symmetry can be deleted, and a characterization of the non-dictatorial

asymmetric Nash solutions obtains (Roth (1979)). Anbarci and Sun (2011, henceforth

AS) showed that weak Pareto can be replaced in Nash’s theorem by weakest collective

rationality—a condition which is weaker than both weak Pareto and strong individual

rationality. However, dropping symmetry from the theorem of AS does not result in

a characterization of asymmetric Nash solutions. The contribution of the current

paper is in formulating an axiom which is similar to the one of AS and showing that

when it is combined with independence of irrelevant alternatives and independence of

equivalent utility representations, a characterization of the non-dictatorial asymmetric

Nash solutions obtains. This axiom, moderate collective rationality, is weaker than

strong individual rationality but stronger than weakest collective rationality.

Section 2 sets the stage and Section 3 contains the result.

2 Model, axioms, background

A bargaining problem is defined as a pair (S, d), where S ⊂ R2 is the feasible set,

representing all possible (v-N.M) utility agreements between the two players, and

d ∈ S, the disagreement point, is a point that specifies their utilities in case they

2



do not reach a unanimous agreement on some point of S. It is assumed that S is

compact and convex and that it contains some x with x > d.1 With the collection of

all such pairs (S, d) denoted by B, a solution is any function µ : B → R2 that satisfies

µ(S, d) ∈ S for all (S, d) ∈ B. Given a feasible set S, the weak Pareto frontier of S is

WP (S) ≡ {x ∈ S : y > x⇒ y /∈ S}. The set of individually rational points in (S, d)

is Sd ≡ {x ∈ S : x ≥ d}.

The Nash solution, N , due to Nash (1950), is defined to be the unique maximizer

of (x1 − d1) × (x2 − d2) over Sd. Nash (1950) showed that N is the unique solution

that satisfies the following four axioms, in the statements of which (S, d) and (T, e)

are arbitrary problems.

Weak Pareto Optimality (WPO): µ(S, d) ∈ WP (S).

A solution that satisfies this axiom is simply referred to as weakly optimal.

Let FA denote the set of positive affine transformations from R to itself.2

Independence of Equivalent Utility Representations (IEUR): f = (f1, f2) ∈

FA × FA ⇒ f ◦ µ(S, d) = µ(f ◦ S, f ◦ d).3

Let π(a, b) ≡ (b, a).

Symmetry (SY): [π ◦ S = S]&[π ◦ d = d]⇒ µ1(S, d) = µ2(S, d).

1Vector inequalities: xRy if and only if xiRyi for both i ∈ {1, 2}, R ∈ {>,≥}; x 	 y if and only

if x ≥ y & x 6= y.
2i.e., the set of functions f of the form f(x) = αx+ β, where α > 0.
3If fi : R → R for each i = 1, 2, x ∈ R2, and A ⊂ R2, then: (f1, f2) ◦ x ≡ (f1(x1), f2(x2)) and

(f1, f2) ◦A ≡ {(f1, f2) ◦ a : a ∈ A}.
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Independence of Irrelevant Alternatives (IIA): [S ⊂ T ]&[d = e]&[µ(T, e) ∈

S]⇒ µ(S, d) = µ(T, e).

Roth (1977) showed that in the above axiomatization, WPO can be replaced by the

following axiom, in the statement of which (S, d) is an arbitrary problem.

Strong Individual Rationality (SIR): µ(S, d) > d.

The weaker version of this axiom, individual rationality (IR), only requires µ(S, d) ≥

d. A solution that satisfies it is simply referred to as individually rational.

Anbarci and Sun (2011, henceforth AS) showed that in the above axiomatizations,

WPO/SIR can be replaced by another axiom, which is weaker than either of them.

To introduce their axiom, the following preliminary notation is needed. Given a point

a ∈ R2, let D(a) be those points that are dominated by a, namely D(a) ≡ {x : x ≤ a}.

Given (S, d) ∈ B, let PM(S) ≡ {x ∈ S \WP (S) : D(x)∩ S = {x}}; this is the set of

Pareto minimal points in S. AS showed that the following axiom (in the statement

of which (S, d) is an arbitrary problem) can replace WPO (SIR) in Nash’s (Roth’s)

axiomatization of the Nash solution.

Weakest Collective Rationality (WCR): µ(S, d) /∈ PM(S).

The characterizations of Nash (1950) and Roth (1977) are not logically comparable,

but that of AS is weaker than either one. However, unlike the result of AS, the former

characterizations enjoy the following advantage—dropping SY from Nash’s theorem

results is a characterization of the asymmetric Nash solutions and dropping it from

Roth’s theorem results in a characterization of the non-dictatorial ones. Formally, a

solution an asymmetric Nash solution if it is the maximizer over x ∈ Sd of a product
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of the form (x1 − d1)β × (x2 − d2)1−β for some β ∈ [0, 1]; it is dictatorial if β ∈ {0, 1}

and non-dictatorial otherwise. The solution corresponding to β is denoted by Nβ.4

Dropping SY from the theorem of AS does not result in a characterization of a

family of asymmetric Nash solutions. For example, the following solution satisfies

the remaining axioms from the theorem: for each (S, d) the solution point (which is

independent of d) is defined to be the minimizer of x1 over x ∈ WP (S). The goal of

this paper is to introduce an axiom which, informally speaking, is similar to WCR,

but is sufficiently strong so that a characterization of a family of asymmetric Nash

solutions would still obtain, even without SY.

To introduce the axiom, the following definition is needed. Given a feasible set S,

the inferior boundary of S is IB(S) ≡ {x ∈ S : y < x⇒ y /∈ S}. In the statement of

the following axiom (S, d) is an arbitrary problem.

Moderate Collective Rationality (MCR): µ(S, d) /∈ IB(S).

Note that S.IR⇒MCR⇒WCR (the second implication is due to PM(S) ⊂ IB(S) for

all S).

The rationale behind MCR is the following: essentially, the points of the inferior

boundary are “too low” in the payoff space—so low, that it is impossible to decrease

them farther; in particular, this feature almost implies weak Pareto optimality—

the only scenario in which it does not imply weak Pareto is where the point under

consideration is at the limit of the Pareto boundary—an extremely asymmetric point.5

Thus, “moderate collective rationality” is a condition that combines a minimal degree

of efficiency together with a minimal degree of inequality-aversion.

4More precisely, when β ∈ {0, 1} the aforementioned maximizer is not unique, hence a further

specification is called for; this specification is N1(S, d) ≡ (a1(S, d), d2) and N0(S, d) ≡ (d1, a2(S, d)),

where ai(S, d) ≡ max{xi : x ∈ Sd}.
5This is the case with the counter example from the preceding paragraph.
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3 The result

Theorem 1. A bargaining solution satisfies independence of irrelevant alternatives,

independence of equivalent utility representations, and moderate collective rationality

if and only if it is a non-dictatorial asymmetric Nash solution.

Lemma 1. If a solution satisfies independence of irrelevant alternatives and moderate

collective rationality then it is individually rational.

Proof. Let µ be a solution that satisfies the aforementioned axioms. Assume by

contradiction that there is a problem (S, d) such that x ≡ µ(S, d) /∈ Sd.

Case 1: x � d. Pick a y ∈ S such that y > d and d /∈ [x, y]. Let V ≡ conv{x, d, y}.

By IIA, µ(V, d) = x—in contradiction to MCR.

Case 2: ¬[x � d]. Wlog, suppose that x1 < d1 and x2 > d2. Pick a y ∈ S

such that y > d. Let V ≡ conv{x, d, y}. By IIA, µ(V, d) = x—in contradiction to

MCR.

Lemma 2. Let µ be a solution which satisfies independence of irrelevant alternatives,

independence of equivalent utility representations, and moderate collective rationality.

Then µ is weakly optimal.

Proof. Let µ be a solution with the aforementioned properties. Let (S, d) ∈ B. By

IEUR we can assume that d = 0. By Lemma 1, x ≡ µ(S, d) ∈ Sd. Furthermore, by

IIA we can assume that S = Sd. Assume by contradiction that x /∈ WP (S). Then

there is a λ ∈ (0, 1) close to one such that x ∈ Q ≡ λS. By IIA, µ(Q, d) = x and by

IEUR µ(Q, d) = λx. Therefore x = 0 = d—in contradiction to MCR.

Proof of Theorem 1 : Obviously Nβ satisfies the axioms for every β ∈ (0, 1). Con-

versely, let µ be a solution that satisfies the axioms. Let ∆ ≡ {x ≥ 0 : x1 + x2 ≤ 1}.

By Lemma 2 there is a β ∈ (0, 1) such that (β, 1 − β) ≡ µ(∆,0). By Lemma 1, µ

satisfies IR. It therefore follows from Roth (1979) that µ = Nβ.
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