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Abstract

I state and prove two formal versions of the claim that even though

the Nash (1950) bargaining solution offers a certain reconciliation of

fairness and efficiency considerations (egalitarianism vs. utilitarianism),

it puts more emphasis on the latter rather than on the former.
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1 Introduction

Nash’s (1950) bargaining problem is described in the utility space: two players

face a compact and convex set S ⊂ R2
+ of available utility pairs, from which

they need to agree on one; if they fail to reach an agreement, both get zero.1
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1It is assumed that 0 ≡ (0, 0) ∈ S for every bargaining problem S, so zero payoffs are

always feasible; also, it is assumed that there is an x ∈ S with x > 0, so cooperation is

worthwhile.
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The Nash solution (1950) to the problem S, N(S), is the maximizer of x1×x2
over x ∈ S (this product is called the Nash product). In general, a bargaining

solution is a selection—a function that picks a unique point of S for every

such S.

Two other known solutions—ones that express fundamental and competing

principles of distributive justice—are the egalitarian solution, E(S), and the

utilitarian solution, U(S). Like the Nash solution, they are both defined in

terms of maximization: the former maximizes min{x1, x2} over x ∈ S and the

latter maximizes x1 + x2 over x ∈ S.2

In the bargaining framework, the Nash solution offers a simple compromise

between egalitarianism and utilitarianism: for any S, the point N(S) lies on

S’s boundary in between E(S) and U(S). To the best of my knowledge, this

result has been proved for the first time by Cao (1982). I have recently studied

this relationship among the three solutions in Rachmilevitch (2013b); as I have

pointed out in that paper, this relationship is related to the fact that the Nash

solution is the only solution that jointly satisfies the egalitarian and utilitarian

objectives for some rescaling of the individual utilities (see Harsanyi (1959) and

Shapley (1969)).

It is natural to ask which side in the compromise between egalitarianism

and utilitarianism, if any, is being favored by the Nash solution. Below I prove

results that formalize the idea that the Nash solution is “at least as efficient

as it is fair.” The results are given below in Sections 2 and 3. Whereas the

result of Section 3 is novel, the results in Section 2 are formal versions of some

well-known facts about the geometry of the Nash solution; however, as far as

I know, they have not been previously published.

2E was axiomatized for the first time by Kalai (1977). U , in general, is multi-valued; in

this short paper I will only consider problems for which it is single-valued.
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2 Fairness implies efficiency, but not vice versa

Let B denote the collection of bargaining problems S such that U(S) is single-

valued.

Proposition 1. Let S ∈ B be such that N(S) = E(S). Then N(S) = U(S).

Proof. Let S be a problem and assume by contradiction that N(S) = E(S) =

(e, e) 6= U(S) = (x, y). By the uniqueness of the Nash product’s maximizer,

e2 > s1 × s2 for any s ∈ S \ {(e, e)}. By definition of U , x+ y ≥ 2e. For each

λ ∈ [0, 1] consider λ(e, e) + (1− λ)(x, y) = (λe+ (1− λ)x, λe+ (1− λ)y), and

let g denote the associated Nash product:

g(λ) ≡ λ2e2 + λ(1− λ)e(x+ y) + (1− λ)2xy.

Note that g′(λ)|λ=1 > 0. However, g′(λ)|λ=1 = 2e2− e(x+ y), so g′(λ)|λ=1 > 0

implies 2e > x+ y ≥ 2e, a contradiction.

The “converse” of Proposition 1 is not true: the fact that N coincides with U

on a certain problem does not imply that it also coincides with E on that prob-

lem. To see this, look at S∗ = {0, (3
4
, 3
4
), (1, 0), (1−5ε, 0.7+ε)}; for a sufficiently

small ε > 0 we have N(S∗) = U(S∗) = (1 − 5ε, 0.7 + ε) 6= (3
4
, 3
4
) = E(S∗).

This counterexample S∗ enjoys two nice features. First, it is normalized ; a

problem S is normalized if a1(S) ≡ max{x : (x, y) ∈ S} = a2(S) ≡ max{y :

(x, y) ∈ S} = 1. Second, its weak Pareto frontier coincides with its strict

Pareto frontier. Normalized problems are especially appealing when the dis-

cussion is centered around the Nash solution because this solution is scale

invariant, meaning that when independent linear transformations are applied

to a given problem, the solution point of this problem varies in accordance to

these transformations. Since the utility scales have no meaning in terms of
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comparisons to one another, the 0 − 1 normalization is natural. The coinci-

dence of the weak and strict frontiers is appealing since it expresses the idea

that whenever one player is willing to compromise and give up something, the

other player can gain something.3

Yet, there is—for lack of a better word—some “lack of elegance” in S∗: its

boundary has “kinks,” meaning that the “price” of one person’s utility is terms

of his partner’s utility exhibits discontinuities. When this is ruled out—when,

in addition to normalization, only smooth problems are considered—then a

“converse” of Proposition 1 obtains.

Formally, let B∗ be the set of smooth normalized problems—those S ∈ B

such that S = {(x, f(x)) : x ∈ [0, 1]}, where f is some concave, strictly de-

creasing differentiable function with f(0) = 1 and f(1) = 0.

Proposition 2. Let S ∈ B∗ be such that N(S) = U(S). Then N(S) = E(S).

Proof. Let S ∈ B∗ be such that N(S) = U(S). Let f be the function describing

S’s boundary. The point U(S) ≡ (x, f(x)) satisfies the first-order-condition

−f ′(x) = 1. By the first order condition associated with N , −f ′(x) = f(x)
x

.

Therefore N(S) = E(S).

So, even though the Nash solution’s efficiency is generally more common (or

more frequent) than its fairness, on the restricted domain B∗ the two coincide.

Can we say that N is “more efficient than fair” even if we restricted our

attention to B∗? As we will see in the next Section, the answer (in a certain

sense) is YES.

3Finding examples of problems S for which N(S) = U(S) but N(S) 6= E(S) is easy

if non-normalized problems and/or problems with different weak and strict frontiers are

considered; look, for example, at S = conv hull{0, (0, 1), (2, 0), (2, 1)}: N(S) = U(S) =

(2, 1) 6= (1, 1) = E(S).
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3 Betweenness

One of the simplest ways to compromise between egalitarianism and utilitar-

ianism is to consider the average of their respective objectives: to maximize

1
2
(x1 + x2) + 1

2
min{x1, x2} over x ∈ S. Let A denote this bargaining solution.

When attention is restricted to the domain B∗, the Nash solution is not only

between E and U (this is true on the entire B), but, moreover, it is between

A and U—it is “closer to utilitarianism than to egalitarianism.”4 For proving

this result, the following lemma will be useful.

Lemma 1. Let S ∈ B∗ and let (x, y) = A(S). Then x ∈ (0, 1).

Proof. Make the aforementioned assumptions, and assume by contradiction

that x ∈ {0, 1}. Let f be the function describing S’s boundary and let (e, e) ≡

E(S).

Case 1: x = 1. In this case A maximizes R(t) ≡ 1
2
[t + f(t)] + 1

2
f(t) =

1
2
t+f(t) over (e, 1]. Since x = 1, R′(1) ≥ 0, or 1

2
≥ −f ′(1), which is impossible

for a normalized problem.

Case 2: x = 0. In this case A maximizes L(t) ≡ 1
2
[t+ f(t)] + 1

2
t = t+ 1

2
f(t)

over [0, e). Since x = 0, L′(0) ≤ 0, or 1 + 1
2
f ′(0) ≤ 0, or 2 ≤ −f ′(0); again,

this is impossible for a normalized problem.

Proposition 3. Let S ∈ B∗. Then the following is true for each i ∈ {1, 2}:

min{Ai(S), Ui(S)} ≤ Ni(S) ≤ max{Ai(S), Ui(S)}.

That is, the Nash solution, N , is “in between” A and U .

4I will prove this result for the domain B∗, but it will be easy to see that it holds for

any normalized problem for which U is single-valued; i.e., the boundary does not have to

be smooth.
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Proof. Let S ∈ B∗. Let f be the function describing its boundary, let (x, f(x)) ≡

A(S) and let (e, e) ≡ E(S). If (x, f(x)) = E(S) then we are done, since N is

always between E and U . Suppose then that (x, f(x)) 6= E(S).

Case 1: x > f(x). In this case, A maximizes the objective function

R(t) ≡ 1
2
(t + f(t)) + 1

2
f(t) = 1

2
t + f(t) over t ∈ (e, 1]. R′(t) = 1

2
+ f ′(t).

By Lemma 1 the solution is interior and therefore R′(x) = 0, or f ′(x) = −1
2
;

so A(S) is to the left of U(S). If N(S) ≡ (n, f(n)) is to the left of A(S), then

−f ′(n) < 1
2
. By the first-order-condition associated with N , −f ′(n) = f(n)

n
,and

so we would obtain n > 2f(n); this, however, is impossible in a normalized

problem, because f(n) ≥ 1
2
.5

Case 2: x < f(x). In this case, A maximizes the objective function

L(t) ≡ 1
2
(t + f(t)) + 1

2
t = t + 1

2
f(t) over [0, e). L′(t) = 1 + 1

2
f ′(t). Here

L′(x) = 0, or f ′(x) = −2, so A(S) is to the right of U(S). If N(S) is to the

right of A(S), then f(n)
n

> 2, which contradicts midpoint domination.

4 Closing comments

The tension between egalitarianism and utilitarianism, which is a fundamental

issue in collective decision making, has been dealt with extensively in the

philosophy and economics literatures.6 Additionally, in recent years research

on the fairness-efficiency tradeoff has found its ways to new disciplines, such

as computer science, engineering, and operations management;7 indeed, this

5More generally, N(S) ≥ 1
2a(S) for all S; this midpoint domination property of the Nash

solution was proved by Sobel (1981).
6See, among many others, Arrow (1973), Harsanyi (1975), Rawls (1974), Sen (1974), and

Yaari (1981).
7See, for example, Bertsimas et al (2011, 2012), Boche and Schubert (2009), and Gutman

and Nisan (2012).
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tradeoff is relevant to many areas of life.

Nash’s (1950) solution is the main solution in the bargaining literature.

Whereas previous works highlight the fairness aspects of this solution,8 in this

paper I have tried to emphasize its efficiency. It is interesting to view this

efficiency in light of the fact that the Nash solution enjoys axiomatizations in

which Pareto efficiency is not invoked at all.9

Finally, it is worth pointing out to the fact that the entire analysis in this

paper has been carried out in the “traditional” framework of 2-person convex

bargaining problems. Deviations from this framework stress even further that

the Nash solution is “more efficient than fair.” In this context, it is helpful to

consider the Kalai-Smorodinsky solution, KS (Kalai and Smorodinsky (1975))

which, alongside Nash’s, is the literature’s main scale invariant solution. For

any problem S, KS(S) = θa(S), where θ is the maximal number such that

this expression is in S. For any n ∈ N, the n-person bargaining problem

is defined in an analogous way to the 2-person problem, and the definitions

of N and KS extend straightforwardly to this case. However, for n ≥ 3

the Kalai-Smorodinsky solution violates weak Pareto efficiency,10 whereas the

Nash solution, by contrast, satisfies strong Pareto optimality. For non-convex

2-person problems, there may exist multiple maximizers to the Nash product,

some of which may exhibit high degree of inequality among the players; the

Kalai-Smorodinsky solution, by contrast, is always single-valued, and always

“normalized egalitarian.”

8See, for example, Anbarci and Sun (2011b), Mariotti (1999), and Trockel (2005).
9Roth (1977) showed that efficiency can be deleted from Nash’s (1950) classic axiomati-

zation if strong individual rationality is added; more recent strengthenings and variants of

Roth’s result have been obtained by Anbarci and Sun (2011a) and Rachmilevitch (2013a).
10See Roth (1979).
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