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Abstract
The heterogeneous connections model is a gendratizaf the homogeneous
connections model of Jackson and Wolinsky (1996\imch the intrinsic value of
each connection is set by a discrete, positive mdmetric function that depends
solely on the types of the two end agents. Cor@lpery networks are defined as
networks in which the agents' set can be partidan® two subsets, one in which the
members are completely connected among themseheketha other where there are
no internal links. A two-type society is defined ‘gwer based" if both types of
agents prefer to connect to one of the types dweother, controlling for path length.
An exhaustive analysis shows that core periphetywar&s, in which the "preferred”
types are in the core and the "rejected" typesratbe periphery, are crucial in the
"power based" society. In particular, if the lingicosts are not too low and not too
high, at least one such network is pairwise stallleteover, in many cases these
networks are the unique pairwise stable networkkiarall cases they are the unique
strongly efficient networks. The set of efficierdtworks often differs from the set of
pairwise stable networks, hence a discussion @nigkue is developed. These results
suggest heterogeneity accompanied by "power bdisédlig preferences as a natural
explanation for many core-periphery structures oleskin real life social networks.
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1 Introduction

A network is defined to be a core-periphery netwdrkts set of agents can be
partitioned into two subsets, the core and theppery, such that each agent in the
core is directly connected to all other core meralvenile each periphery member is
directly connected to none of the other periphgmgnas. In this paper we introduce a
simple network formation model in which core peaphnetworks are the dominant
architecture both as stabile networks and as efftanetworks.

Since the 1970's the empirical literature of sonetworks identified core periphery
architecture as a dominant social structure in maoptextd. Core-periphery
structures were found in macroeconomics in the riheaf spatial division of
production (Krugman (1991, 1994) and Fujita et(2001)) and in the sociology-
oriented world system literatut@Wallerstein (1974), Chase-Dunn and Grimes (1995)
and Smith and White (1992)). These architectureseweund also in industrial
organization, both in general, in the analysisiwh$' power structure as reflected in
the interlocking directorates' network (Mintz andh@artz (1981a, 1981b)) and in
specific industries as the airline industry (Strd Stinchcombe (1992)) and the local
and long distance phone calls industry (Economid&396)). Core-periphery
structures were found in formal and informal so@ajanizations as factions and
other quasi-groups based on recruitment by existiegnbers (Boissevain (1968)),
solidarity networks with asymmetries in wealth asthtus (Fafchamps (1992)),
scientific networks (Brieger (1976), White et. #.976), Mullins et. al. (1977),

! The core-periphery structure is not a well-defimethcept in the social sciences literature. Indeed,
most of the researches that use this phrase mearthiére is one group of agents that is densely
connected internally, while all the other agents gparsely connected internally (Borgatti and Bvere
(1999)). The definition here is identical to theeoin Bramoulle and Kranton (2003) and Bramoulle
(2007). However, network is a core-periphery nekwby Goyal (2007) if the set of agents can be
partitioned into two subsets, core and periphanghghat each agent in the core is directly coratect
to all other core members and each periphery mefmgera single link to one of the core members.
Galeotti and Goyal (2008) restrict the patterniokd in a core periphery network to be complete —
every peripheral agent is connected to all corentagd.ater we will refer to the definition by Goyal
(2007) as minimally connected core periphery neka@nd to the one by Galeotti and Goyal (2008) as
maximally connected core periphery network. In tmathematical graph theory literature core
periphery networks are called split graphs (Folles Hammer (1977) and Brandstadt et. al (2004)).

2 White et. al. (1976) mention that one of the fremfustructures they encounter has one group
internally connected and one group internally disexted which are reciprocally connected between
them.

*The theory states that national development conlg loe understood as the complex outcome of local
interactions with an expanding world economy. Fertlihe world countries have hierarchical power
order of core, semi periphery, and periphery thatréflected both in world economy and in
international relations. The core countries arergjer (e.g. military power) then others and expluét
weak periphery countries either by tributes or hyofable market conditions. Therefore the core
countries can be distinguished by their internassnae volume of trade and by their capital-inteasiv
production.



Granovetter (1983), Grossman and lon (1995), vanlég and Goyal (2006)),
internal firms' networks (Krackhardt and Hanson9@$) and in the social network of
injecting drug users (Curtis et. al. (1995)).

In most of the empirical examples mentioned abawvs,evident that the members of
the core have some intrinsic advantage over thebaesof the periphery — either the
financial institutions that are positioned in tharec of the directorates' network, the
veteran members in factions or the eminent scisntms the scientific networks. In
many cases these advantages do not initially stem fhese core members' position
in the network, but they lead their possessorset@xtremely central in the social
network. We suggests that in order for the advatag agents to be placed in a
central position they have to be recognized as ratiractive by all the members of
the community, advantageous and disadvantageous. rébognition is the main
source of power of the advantageous agents. Oese tigents are placed in a central
position in the social network, their advantage lsameinforced and perpetuated
Some network formation models in the social scisnkiteratur8 might suggest
explanations for the formation of core-periphemustures. Models associated with
the structural balance theory, are meant mainlyexplain various segregation
architectures. Therefore, these models have tor@ssome internal animosity among
the periphery members in order to explain the spaternal network attributed to the
periphery. Models associated with preferential attachmefso(&nown as degree
variance model) need to assume that core membecsged the periphery members
in the network. The extended preferential attachmesdel of Bianconi and Barabasi

(2001) adds heterogeneity in the form of fitheds ithe links accumulation process

* Krackhardt and Hanson (1993) consider the cor@g@pery structure as problematic for the firm since
it signals that many workers depend on a smallgmfucentral agents. Borgatti (2005) considersit a
favorable structure as efficient spreader of knogée However, he points out that since the core
controls the content of the knowledge, these neétsvanight not be good at innovation because it
makes it is easy for the conventional wisdom teamsw new ideas (see also Chubin (1976),
Granovetter (1983) and Bramoulle and Kranton (2D03)

®Brieger (1976) and White et. al. (1976) found adriehy of statuses in the scientific network, where
the upper "class" was known by all the lower stdata unaware of most of them. The internal
awareness of the lower "classes" was partial. Bri€@976) clarifies (in a footnote) that the term
"status” refers to differentiation of persons omsovertical continuum of "prestige” or "power".

® See Banks and Carley (1996) for a short surveheinain network formation theories in sociology
and Goyal (2007) and Jackson (2008) for networknfdion models in economics. See Newman
(2003) for a survey of networked systems modefshiysics.

" In this theory, the social structure is a graplwhich each link is one or more relations between t
nodes where a signed number describes each relatienvalue of a link is the sum of these numbers
and the value of a cycle is the multiplication tsflinks values. The benefit of a person from phris

the sum of values of all the circles that go thtobgn. In the basic version, a cycle is balanceghi
only if its value is positive and a social netwaskbalanced if and only if all its cycles are bakagh.
Since people maximize their values, the theory esgihat social networks that are balanced will be
stable. See Heider (1946, 1958), Cartwright andakyaf1956), Newcomb (1956, 1961), Davis (1963,
1967), and Doreian and Mrvar (1996).



and thus enables very fit agents to have higheregetfpan older, but not as fit, agents.
Moreover, in order to generate the cohesivenesseotore, probably some rewiring
should be introduced on top of the heterogeneity.

Our framework is a generalization of the homogenmmmections model of Jackson
and Wolinsky (1996) to accommodate two types. Agéoriginal model, the agents
benefit from their direct connections (costly) andirect connections. However, the
benefits are a function of the two end agents fftrensic value of the connection)
and the distance between them. In the homogeneodsinthe star, a degenerative
form of a core periphery network, appears as a dantiarchitecture. However, the
star network is stable and efficient, independenflyhe central agent and therefore
the results cannot be interpreted as a processowklp perpetuation by central
positioning in the social network.

Some models introduced heterogeneity to the commsctmodel of Jackson and
Wolinsky (1996) through the linking costs rathearththrough the intrinsic valués
The important difference between these two appmmdh that the linking costs
heterogeneity is relevant only to direct connedjowhile the intrinsic values are
carried through both direct and indirect connecflodeed, it turns out that none of
the versions of the connections model which intoeduheterogeneous linking costs
exhibit core periphery networks as either stablefbcient. Moreover, core periphery
networks in which there are more than two agenthéncore were not found to be
Nash networks in the various versions of the odeeimodel of Bala and Goyal
(2000)°.

8 See Johnson and Gilles (2000), Jackson and R@2@®5) and Carayol and Roux (2005). Note that
core periphery networks might arise for certainapagters in the two-islands model of Jackson and
Rogers (2005) if the internal linking costs of askand were lower from the external linking costs
while the internal linking costs of the other islamere higher from the external linking costs.

° This issue was approached also by Galeotti (2@D@) Galeotti et. al. (2006), which introduced
heterogeneity in both costs and benefits to the-siched one-flow and the one-sided two-flow
formation models of Bala and Goyal (2000), respetfi They find that cost heterogeneity affectshbot
the connectedness and the architecture of the Neshorks. However, in the one-flow model the
value heterogeneity affects both the connectedaedsthe architecture, while in two-flow it affects
only the connectedness. We, on the other hand,nméffect of heterogeneity on the connectedness
and a significant effect on the architecture.

10 See Galeotti (2006), Galeotti et. al. (2006), rhmp and Szeidl (2008) and Feri (2007). Core
periphery networks cannot be stable also in theérsork of McBride (2006) unless possibly under
certain parameters in the case where the agentg &nty their direct friends in the network. Hojman
and Szeidl (2006) show the conditions under whisbaally "gifted" agent becomes the center ofrthei
stable star architecture. However, it seems harextend this example to core periphery networks.
Zeggelink (1995) introduces a network formation elodith two types of agents. In this model the
agents' loss depends on her deviation from heranags ideal state which is characterized by arl idea
number of friends, all of them are similar to hiEhese myopic agents take part in a dynamic process,
in which friendship connection must be reciprocatattil they reach as near as possible to thealide
position. However, none of the simulations of tingdel generated a core-periphery network.



Galeotti and Goyal (2008) suggest a homogeneousreadon for the formation of
core periphery networks. In their model, an ageant either acquire information
personally or gather information from agents thajuired it personally. They show
that if information could be gathered only directipm one of the agents that
acquired it personally, every stable network isogecperiphery network where the
core includes the agents that acquired the infaomatersonally and the periphery
include the agents that need to gather the infoomahrough the network.

In what follows we will introduce heterogeneity anthe connections model of
Jackson and Wolinsky (1996) in order to analyzectse in which all the members of
the society acknowledge the advantage of one diyftes and therefore prefer linking
to agents of this type over other agents. Under gbiting of unanimous preferences
towards the advantageous type, we will show that periphery networks are both
pairwise stable (unique in many cases) and uniga#flgient and discuss cases of
tension between these two concepts.

The next section will introduce the heterogeneomsnections model and define a
"power based" society. It will also define sevegpecial architectures of core
periphery networks that will become useful in tin@lgsis. The third section will give
a complete characterization of the stable andieffimetworks of the "power based"
society to show that core-periphery structures laypajor role in this context. The
last section will conclude with a detailed intetpt®n of the results and some natural

and possible future research directions.



2 The Model

Preliminaries

Consider a finite setN ={l2,...,n} of utility-maximizing agents. Theomplete
network g", is the set of all subsets Nfof size two, while thempty networks the
empty set. The set of all possible networksNois {g lgc g”}. Denote byjj the
element ofg" that contains andj. If ij e g we say that agentsandj aredirectly
connectedin network g. Denote by N(i,g)={j e N|ij € g} the set of agent's
neighborsin networkg. Let g+ij denote the network obtained by adding the ijnk
to the networkg and let g —ij denote the network obtained by severing the ijnk
from the network g. Avathp of length L(p) between agentand ageng in networkg

is a set of distinct NOdef,i,,is,..,iy ()i (pa) SUCH thatyiyisis,.. i)y O
andi, =i,i (,, = ] . Letk e p and denote thpositionof agentk in pathp by t*(p),
meaning,t"(p)z x< i, =k . If a path between agentaind ageni exists in network

g, we say that agemtand agenj areconnectedn networkg. Otherwise, we say that
agenti and agent aredisconnectedn networkg. If agenti and agent are connected
but not directly connected in network g, we sayt Hgenti and agenj areindirectly
connectedn network g. For a subset of the agents'sét- N, define asubnetwork
g’ to be the set of all pairs of agentsj € N'such thatij e g. The subnetwork

g’ < g is acomponenbf networkg if for all pairs of agents, j € N', agenti and

agentj are connected ig' and there is no pair of agente N’,j € N— N’ such that
ij € g. Denote byﬁ(i, g) the set of agents that reside in the same compasergent
I in networkg. If for each pair of agents j € N, ageni and agent are connected in

g, we say thag is connectedA pathp between ageritand agenj in networkg is a

shortest pathbetween those agents if there is no other pattbetween them such
that L(p’)< L(p). Denote the set of all shortest paths betweentagemd agenj in
network g by S(i,j,g), its cardinality by s, and the path's length by, . Let

S(i,1,x9)=1{se S(i, },9) |k e 5,t(s)= x| be the set of all shortest paths between



agenti and agenf in networkg such that agerk is in positionx and denote its

cardinality by s{(x)**

The homogeneous symmetric connections model wiidripayments

Jackson & Wolinsky (1996) introduces the homogesesymmetric connections

model without side payments. In this model, théitytof agenti from networkg is

=>'6% - 3 c where 0< <1 captures the idea that the value that agent

= iieg
derives from being connected to ageist proportional to their proximity and> i3
the universal direct connection cdétsThe networkg is pairwise stablewith respect
to the utility function if for every existing linkboth its agents would not gain by
severing it (ij € g:u;(9)>u,(g—ij)u,(g)=u,(g-ij)) and for every non-existing
link, either at least one of its agents strictlyds from forming it or both agents do not
gain from forming it &ij ¢ g:u,(g+ij)>u,(g)= u,(g9)>u,(g+ij)). The network g

Is strongly efficientif there is no other network od for which the sum of utilities

(denoted byv(g)) is higher g’ =g:v(g)=>u(9)=> u(g g')). A star

ieN ieN
networkis a network in which there is a central agent wghdirectly connected to all
other agents inN while these other agents are connected directly tm her.
propositions 1 and 2 in Jackson and Wolinsky (198i&racterizes stability and
efficiency in the homogeneous symmetric connectioredel by identifying four

possible relations between the linking costs aeddipreciation factdt When costs

are very low € < 5 —67?) the unique pairwise stable network and the uni&juengly

efficient network is the complete network. When thests are intermediate

(6 -07% <c< &) the star network is pairwise stable (but not uejgand the unique

' Note thatvx < d; +1 V] e N(i ZS“ =s; and thats;(x)> 0= vx = x: 5 (x)=0.

keN
The optimization problem of the |nd|V|duaI in shmodel can be interpreted as some kind of
centrality maximization problem under costs congtralt departs from the common centrality
measures both by considering linking costs and biyguan exogenous depreciation parameter
(although similar concepts of distance depreciaappear in the closeness centrality measure, the
information centrality measure and the attenuapiarameter suggested first by Katz (1953) and used
by Bonacich (1987) and many others). This modeleis/ simple and therefore entails some strong
assumptions as centrality maximization (see Shinib@53) for reservations), positive externalities
(see the coauthors model in Jackson and Wolinsg9&)Lfor negative externalities) and shortest paths
as the only source of utility (for reservations S¢ephenson and Zelen (1989)).
13 See Jackson (2008) for similar results given sengeneral distance-based benefit function.

12



strongly efficient network. When the costs are highx c < 5+%252) the empty

network is pairwise stable (each agent in any ofj@rwise stable network has at
least two links), while the star network is theque strongly efficient network (but,

obviously, not pairwise stable). Last, when the tg€osre extremely high
(5+%252 <c) the empty network is pairwise stable and the wmigtrongly

efficient network. Later, we will use the fact thaithing in these results changes if

the utility function of the agent is,(g)= > As®™ - > c for a positive constant'A
j# jijeg

4.5-
4-
35-
32
The empty network is the unique stable and efficient network
25-
5
The star nebwork is not stable but it
1.5- is the unigue efficient nebwork. Any
stable network is either empty or
with no “loose ends~.
1-
0.5- The star network is stable (not unigue)

and the unigque efficient netweork

The complete network is the unigue stable and efficient nebwork
1

1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.3 0.5 1

Figure 1: Graphical summary of propositions 1 and dn Jackson and Wolinsky (1996) for the
case ofn=10. The X-axis is the depreciation rate § ) and the Y-axis is the linking costs (c).

4 Mathematically, instead of accounting for the iimkcosts in the various cases of these proposition

. . . C
one should refer to the linking costs normalizedhsyparameter, meanlng—ltAe.



The heterogeneous symmetric connections modelwisie payments

We allow for two types of agents in the framewodsctibed above, such that there
are k>0 typea agents and > 0 typeb agents k+1 =n). The agent's utility from
each connection is a function both of her proxintitythe other agent (as in the

homogeneous model) and of the intrinsic value thist agent provides her Thus,

the utility of ageni from networkg is u, (g)z 25"” f(ti 4 )— Zc wheret, € {a, b}

j#i jijeg
and f(ti,tj) is the intrinsic value function. We assume tha intrinsic value

function is symmetric, positive and depends only the types of the agents:
f(ti,tj): w, t =t (Jackson and Wolinsky (1996) use, =w,=w,= ). 1

The intrinsic value function might be interpretediaducing a social norm regarding
the benefit from connections in the society. Irsthaper we will concentrate on the
case in whichw, > w, > w;. In this case, both types prefer a connectiomtagent of
typea over a connection of the same length to an ageype b*°. Therefore, we call

a society with such values of the intrinsic valuedtion a "power based" society
since the agents' preferences could be interpratechn attraction towards the
powerful’. Note that typea is the preferred type for exogenous reasons, and i
particular, for reasons which are independent ftbennetwork structure. For future

use denotew,,, = min{w,,w,,w,} andw, ., = max{w,,w,,w, .

Core-periphery

A networkg is acore-periphery network there is a partition of the set of agents into
two subset«K (the "core") and. (the "periphery”) suchthaBK UL=N, KnL=¢

and Vi,jeK:ijeg while Vi,jelL:ij¢g. Various classes of core-periphery

!> This is the term used by Jackson and Wolinsky §13hile describing the general connections
model.

'8 Since the function is symmetric one can interphese weights as strength of ties in the sense of
Granovetter (1973). The highest value reflects hmmtver and homophily, the second reflects only
power and the third reflects only homophily. Thigerpretation and the results that follow are neli
with the findings of van der Leij and Goyal (200@garding the core periphery architecture of
economists' coauthorships, in which strong tief@uad to exist mainly between core members.

" Following Boorman and Levitt (1973) one can intetg'power based" society in a genetic context.
Every individual would like to establish a link Wwia bearer of better genes in order to increase his
siblings' fithess. However, it is hard to applyoitindirect connections.
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networks can be characterized by the pattern ofdttext connections between the
core agents and the periphery agents (see figur&at)every periphery member,

ieL, define his core as the sdfl, ={j|jeK,ij e g} and denote its size by

m =|Mi|. For every core member,j e K, define his periphery as the set
N, ={i|i e K,ij e g} and denote its size hy, :‘Nj‘ (denote the size of the biggest
periphery by N = maxn; and the size of the smallest periphery Hy=minn;). A

J J

core-periphery network is disconnectedf there are no direct connections between
periphery agents and core agentd € L: m = ). B core-periphery networky is
maximally connected each periphery agent is directly connected ltc@re agents
(Vi e L:m =|K]|). Note that if the division of the agents to cagents and periphery
agents is known, the disconnected core-periphenyvartk and the maximally
connected core-periphery network are unique. A -perghery networkg is
minimally connected each periphery agent is directly connectedxacty one core
agent i eL:m = 3. A minimally connected core-periphery netwarks one-gate

if all periphery agents are directly connectedhe same core agent (the gate) and
only to her ¢i e L:m = land Vi, jeL:M, =M )" If the division of agents to

subsets is known, then the one-gate minimally coi@gecore-periphery network is
unique under the unlabeled set of networks (sinddhe star network).

8 For the importance of the exact characterizatibrthe links between heterogeneous groups see
discussion in page 96 of Zeggelink (1995) and dafigdootnote 11.
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Core-Periphery Networks

The set of agents can be partitioned into core (completely connected)
and periphery ([completely disconnected)

v v Y
Disconnected Minimally connected Maximally connected
il [ D . .\ :
i 1 = a ]
A—n & ‘A—8—E / ;
N’ e =
F ¢ (lF—ie 5 -
Mo links between the Single connection to the core All the possible links between
core and the periphery for each periphery agent the core and the periphery
v
One-gate o
N :
E— A— R

A single core agent (agent Aj is SN
connected to all periphery agents | (8 €

Figure 2: Core-periphery networks (agents A,B,C arghe core agents, agents
D,E,F are the periphery agents).

3 Results

Helpful lemma

Define therelative contributionof k € N(i,g) to the connection between agérind

s€(2
agentj in g by RC(, j,k,g)Eﬁﬁd” f(ti,tj)lg. It is therefore trivial to note that
S

> R, j.k,g)=5" f(ti,tj). Define thetotal relative contributionof neighbork

keN(i,g)

by TRdli,k,g)= Y RCli, j,k,g)-c. Note thatTRdl,k,g)# TROk,i,g) and that

jeN(i,g)

2 TRk, g)=ui(g).

keN(i,g)

Lemma 1:If g is pairwise stable then for each pair of agemisdk, such thatk € g,

TRd(,k,g)> 0.

' This notion of contribution is intuitively close the betweeness centrality measure (see Freeman
1982).
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The proof (as all other proofs) is relegated todppendix. We will use this lemma in

some of the following proofs. One implication ofishlemma is that since

u(g)= > TRdik,g), if g is a pairwise stable network, then all the agéatee

keN(i,g)

non-negative utilits’.
Extremely low linking costs

Proposition 1 shows that when the linking costs extremely low, the complete
network will emerge both as the predicted outcomeé as the favorable outcome.
This result is very common in network formation ratsdwith positive externalities
and it is independent of the preferences of bopesyof agents (the ordering of the
values of the intrinsic value function). We mightdrpret this result as showing that
when the linking costs are very low, the socialicinre does not reflect the social

heterogeneity.

Proposition 1: If (5—52)\Nmin

> ¢ the complete network is the unique pairwise stable

network and the unique efficient network.
Low linking costs

These costs are high enough for a direct connebttivween typd agents not to be
worthwhile if the pair have an alternative lengttotpath between them. However,
these costs are low enough for a direct connettatween a typb agent and a typa
agent to be worthwhile even if they have a length path between them. Proposition
2 shows that, in this case, both the predictedtb@dcocially favorable outcome is the
maximally connected core-periphery network in whigipe b agents drop their
internal direct connections. Thus, the strengthlypk a agents is reflected in their
social position, since they are both highly coneéand serve as bridges for the type

b agents.

% In the homogeneous connections model of JacksoMéalinsky (1996), this implication can extend
the results stated above since it establishesthaty network is the unique pairwise stable network

n-2
the extremely high costs rangé 6-752 < C). If there is another pairwise stable networkhis t

range, its total value should be non-negative sieaeh of the agents have non-negative utility.
However, the empty network is the unique efficieatwork, meaning, there is no other network with
non-negative total utility — contradiction.
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Proposition 2: If (5—52)\N2>C>(5—52)\N3 the maximally connected core-

periphery network in which all the core agents ardype a and all the periphery
agents are of typb is the unique pairwise stable network and the wmigfficient

network.
Additional assumptions

To analyze the probable and favorable network &iras when the linking costs are
higher than(5—52)\/v2 we will add one assumption regarding the prefezsraf the

typea agents and one assumption regarding the prefes@fitbe typd agents.

To demonstrate the need for these additional assoimgpassume that agenhave a
shortest path of lengtt»1 both to a typea agent and to a typle agent. Moreover,
assume that shortening the path to these agenssndbeshorten any other connection
that agent possesses. The preferences of agsaggest that she will prefer to form a
direct link with the typea agent over forming a direct link with the typeagent.
However, if initially her path to the tydeagent was longer than her path to the gpe
agent, her preferences regarding the direct lioksh&tion are unclear. The two new
assumptions are introduced in order to extend thecription of the agent's

preferences to include some of these cases.

Assumption 1: (5 — 52w, > &w, .
Assumption 2: (5—52)\N2 > (5—53)\N3.

The first assumption states that typagent prefers to connect directly to another type
a agent to whom she otherwise has a path of lemgthover connecting directly to a
type b agent to whom she otherwise has no path at a#. Sdtond assumption is
somewhat weaker and it states that tigpsgent prefers to connect directly to type
agent to whom she otherwise has a path of lengbhawer connecting directly to a

typeb agent to whom she otherwise has a path of lehgé@t. It is important to note

2L Another interpretation of the first assumption cha seen if the inequality is written as

oy > Z‘ldiw2 . Thus, a typea agent prefers to connect directly to a typegent to whom she
i=1

otherwise have no path at all over connecting tiydo a typeb agent which is positioned at the

beginning of an infinite line of typle agents to none of whom she otherwise has anygbadh Similar
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that these interpretations to the assumptions frto situations in which forming

the link does not yield any shortening of pathsagents other than the agent with
whom the link is formed.

Mathematically, these assumptions restrict thelldégvalues for the intrinsic values
function and for the depreciation rate parameteyohbd the previous restrictions

(w, >w, >w, and 0< 6 <1). One approach is to interpret the assumptionaras

introduction of an effective upper bound to theréefation rate parameter. It is trivial

to see that for both assumptions to hold simultaslgo the depreciation rate

. . W, W
parameter should satisf¥< o < mln{l——z,—2
Wl W3

—1} 22 Another approach is to
interpret these assumptions as a construction werobounds to the cardinal
difference (or ratio) between the agents' utilityni a direct connection with a type
agent and her utility from a direct connection wathtypeb agent. The small lower
bound set for typd agents compared to the one set for tgpagents, might be
interpreted as an addition of a second-order hoimhopeffect. Under this
interpretation, type agents are attracted to other typagents both because of their
exogenous power and their mutual similarity. Howetgeb agents are attracted to
typea agents despite the offsetting effect of theiratéhces.

Stronger version of assumption 2, which is symroeini assumption 1, states that
type b agent prefers to connect directly to tygpagent to whom she otherwise has a
path of length two over connecting directly to pey agent to whom she otherwise

has no path at all.

Assumption 2*: (5 -5\, > dw;.

interpretation to the second assumption arises fioiting the inequality agiwv, > (5+52)w3. Thus, a

typeb agent prefers to connect directly to a tgpagent to whom she otherwise has no path at atl ove
connecting directly to a connected pair of tygpegents to whom she otherwise has no path.

2w, Wy
W, + Wy
in w, causes with typa agents to be relatively less attractive for tgpagents and relatively more
attractive for typeb agents. Therefore, givew; and w;, an increase inw, turns the first assumption
to be the effective restriction. Note that the uppeund can be almost as low as zero (if either

2 Given w; and w;, the effective restriction is the second assummpifio w, < . An increase

. oW —Wg 2w W, S .
W, =W, or W, =W is approached) and as high as—— (if w, =—=—-) which is strictly
lower than unity.
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It is again trivial to see that for assumptionsntl 2* to hold simultaneously, the

- . . W, . W _ W, W.
depreciation rate should satishk & < mln{l——2 1——3} < mm{l——z,—z—l} 2
Wl W2 Wl W3

Medium linking costs

Proposition 3 analyses the linking costs range hickv a direct connection between
type a and a typeb agents is not worthwhile if they have a length {path between
them, but it is worthwhile if this link is the onjyath between them. This proposition
asserts that under the assumptions above, thellgdenorable outcome is the one
gate minimally connected core periphery networkvirnich the core contains all the
type a agents while the periphery contains all the tpmgents. However, the set of
possible networks is much larger and includes tinacgures of networks. First, all the
minimally connected core periphery networks in viahiice core contains all the type
agents while the periphery contains all the typagents (therefore the favorable
networks are also possible). Second, some of theemted networks in which the
type a agents form a complete clique and there is at [@aes typeb agent who is not
connected directly to a ty@eagent.

Proposition 3: If dw, >c> (5—52)\N2 and assumption 1 and 2 hold:

1. Every minimally connected core-periphery networkwhich all core agents
are of typea and all periphery agents are of types pairwise stable.

2. The set of pairwise stable networks includes atsbesconnected networks in
which all typea agents are directly connected to each other aré ik at least
one typeb agent who is not directly linked to any typagent.

3. The one-gate minimally connected core-peripheryvast in which all core

agents are of typaand all periphery agents are of types uniquely efficient.

8 Given w; and w;, the effective restriction is the second assumptibwhen w, < ./w,w; . Note

20 Wy

that \/w,wy > and therefore the interval of values for which #ftective restriction is the

second assumption is wider. Note that the uppendaan be almost as low as low as zero (if either

W
W, =W, or w, =Ww; is approached) and as highlas S (if Wy = /WiWy ).

S
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The first part of the proof establishes that in thedium linking costs range, the
behavior of agents of any minimally connected quedphery network in which all
core agents are of ty@eand all periphery agents are of typé&ollows the following
rules:

¢ No pair of core agents wants to severe their |l th assumption 1.

¢ No pair of periphery agents likes to form a linkedo assumption 2.

e Core agents maintain their links with their own ipkery agents since
otherwise they will have no access to them.

e Core agents do not form a link to other peripheygras both since they can
access them through other core agents and singedihenot provide any
additional value.

In this architecture, typ@ agents consider other ty@eagents attractive for two
reasons - the high intrinsic value of their conmmectnd the access to their periphery
agents. As the size of the periphery of the tgps&gent decreases he becomes less
attractive to his fellow typa agents. Assumption 1 guarantees that even the leas
valuable typea agent, one who has no periphery agents of his aovilh,still be
attractive to other typa agents®.

A pair of periphery agents either shares the saone agent or not. If they share a

core agent the value of their connectionsiSn, while if they have different core

agents the value is onl§*w,. Obviously, the later pair has stronger incentivéorm

a direct link. Hence, we need assumption 2 to enthat a pair of type agents that
have different core agents does not wish to fordirect link. Note, however, that
one-gate minimally connected core-periphery netwionkwhich all core agents are of
type a and all periphery agents are of typewill remain pairwise stable even if
assumption 2 is dropped since all the peripherytsgea this network share the same
core agent.

The second part of the proof characterizes the aqove periphery pairwise stable
networks as connected networks in which all tg@gents are directly connected and

there is at least one tyjpeagent who is not directly linked to any typagent. Under

" Weakening the first assumption (6—52)% + VEJ((SZ - 53)w2 > dw, narrows the set of pairwise
stable core periphery networks to be the set ofmatly connected core periphery networks in which

the core includes only type a agents, the peripimetydes only type b agents amd= HJ . Note that

this discussion is relevant only fér> 3. When there are one or two typegents assumption 1 is not
needed.
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certain conditions, that satisfy the costs rang# @asumptions 1 and 2 (but not 2*),
the non core periphery network in figure 3A is pase stable. If assumption 2 is
replaced by the stricter assumption 2*, we carha&restablish that the tyfeagents
who are not directly linked to any tymeagent have to posses at least two links.
Under certain conditions, that satisfy the costgyeaand assumptions 1 and 2* (and

therefore also 2), the non core periphery networligure 3B is pairwise stable.

Figure 3A: non core periphery network Figure 3B: non core periphery network
which is pairwise stable under certain which is pairwise stable under certain
conditions that satisfy assumptions 1 and  conditions that satisfy assumptions 1 and

T 2 (not 2*). (black — typea, white — typeb). th 2* _(and therefore also 2). (black — type,
R ¢ white — typeb).

sore-
periphery network in which all core agents areypfeta and all periphery agents are
of typeb is uniquely efficient. The short distance betwé®n typeb agents provides
the intuition for the efficiency of the one-gatetwerk in comparison to other
minimally connected core periphery networks. Thes ayate network could be
considered as a mixture of a complete network eftypea agents and a star network
of the typeb agents (centered by a typeagent). The efficiency of this mixture is not
surprising considering proposition 1 of Jackson Whalinsky (1996). Note that this
part of the proof does not use assumption 2 (assamp is needed for the efficiency
of the typea agents' organization). However, the one gate m&tvgonot efficient in
the Paretian sense since the gate agent is béftierany other minimally connected
core periphery network, since a direct connectietwben type and a typé agents
is not worthwhile if they have a length two patlvibeen them.

Proposition 3 exhibits the first case of tensioriween probable and favorable
networks. Although this tension can be mitigated ebgentral planner, since the
favorable network is also probable, it demonstraiesrly two distinct sources of
inefficiency. One source of inefficiency is non ioml positioning, meaning that
some agents have "wrong" friends. The other soafdeefficiency is non optimal
connectivity, meaning that some agents have "tonythiends. The first source is
demonstrated by the stable and inefficient minignaibnnected core periphery

networks. In these networks the inefficiency isesutt of lack of coordination
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between agents in designating the gate agent. &t@nd source of inefficiency is
best demonstrated by the set of non core peripiemyorks under assumptions 1 and
2*. First note that efficient network hag(kz;l) internal core links andl links in
which the typeb agents are involved (their links to the gate). Tihenber of links in
the non core periphery stable networks is stribilyher since they have the same
number of internal core links but more tHdmks in which typeb agents are involved
because agents who are not connected to the comdtche "loose ends”. Thus, in
these stable networks another source of ineffigiaaamon optimal connectivity, the
agents are over-connectad

%5 Under assumption 2, not all of these networksoaex connected, see figure 3A.
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Additional definition

An additional definition is needed before analyzitige structures emerging in
environments with higher levels of linking coste (dw,). Let g be a one gate
minimally connected core-periphery network in whih core agents are of tye
and all periphery agents are of typpend letg’ be the disconnected core-periphery
network in which all core agents are of tygpand all periphery agents are of type

Note that the number of links mis the number of links iy’ plus the number of

typeb agentsl). Thus, the number of additional payments foraismnnections im,

relative tog’ is 4. Denote byQ theadditional utility from g per additional payment
Q = dw, +52W2(k—1)+52W3@—C.

Intuitively, Q is the net social return from connecting all typ@gents into the central

component of the network. IQ >0 it is beneficial for the whole society to

incorporate the weak agents into the central corapband otherwise it is rf6t This
social consideration is not in direct accordanctnwhe individual preferences of the
agents over the formation of these links. Therefd@e will serve as useful
methodological tool in analyzing the tension betwstbility and efficiency that will
arise in the following results. MoreoveD, is an increasing function of the network
size and therefore this characteristic of the nétywaevhich had almost no role in the
lower linking costs, is expected to have a dirdfegat on the range of linking costs in

which the stability-efficiency tension exists
High linking costs

Proposition 4 analyses the linking costs range lickv a direct connection between
typea and a typd agents is not worthwhile even if this link is thely path between
them while a direct connection between a pair pety agents is worthwhile even if
otherwise they have a path of length two betweemthAssumption 1 guarantees that
this range exists. It should also be noted that ¥3 this range surely contains an

interval in whichQ > Obut it may also contain a higher interval in whiQh 0.

%6 This consideration was irrelevant for smaller itk costs sinceQ > ow, —c and therefore always

positive. Thus, it was always beneficial to incagte the weak agents into the society.
" The size of the network had similar effect in tigh linking costs range of the homogeneous model.
See propositions 1.2 and 2.4 in Jackson and Wqli(t396).
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The proposition shows that the characterizationthed favorable and probable

networks depend heavily on the value Qf If Q<O (proposition 4.1) the

disconnected core-periphery network in which allecagents are of typa and all
periphery agents are of tyfeis the unique pairwise stable network and the wmiq

efficient network. Thus, wherQ < (@here is no tension between stability and
efficiency. However, ifQ > O(proposition 4.2) the tension exists and it canoet

mitigated by a central planner. The socially fabdesoutcome in this case is, as in the
medium linking costs range, the one gate minimabnnected core periphery
network in which the core contains all the typagents while the periphery contains
all the typeb agents. The set of probable networks, on the diaad, includes the
disconnected core-periphery network in which allecagents are of typa and all
periphery agents are of tygeand some other, non core-periphery networks. This
result, that the favorable network is not probaldeembles the one found by Jackson

and Wolinsky (1996) in the homogeneous model ferrtinges < ¢ < 5+n;252 :

Proposition 4.1: If (5—52)w1>c>(‘}w2, Q<0 and assumption 1 holds, the

disconnected core-periphery network in which allecagents are of typa and all
periphery agents are of tyfeis the unique pairwise stable network and the waiq

efficient network.

Proposition 4.2: If (5—52)\/v1 >C>dw,, Q>0 and assumption 1 holds:

1. The disconnected core-periphery network in whidicate agents are of type
a and all periphery agents are of types pairwise stable.

2. The other members of the set of pairwise stablevorkss are non core
periphery networks in which all type agents are directly connected to each
other and every typeagent is either isolated or possesses at leadtriiss®.

3. The one-gate minimally connected core-peripheryvast in which all core

agents are of typ@and all periphery agents are of types uniquely efficient.

% A conjecture we fail to prove or refute is thassumption 2 holds then the disconnected core-
periphery network in which all core agents areygieta and all periphery agents are of tyipés the
unique pairwise stable network. Note that besitiesdonjecture, assumption 2 is unneeded to get the
results stated in proposition 4.



21

Proposition 4 is divided only for presentationaheenience, the proofs of these
propositions are combined and relegated to therajipe

The first part of the proof shows that when thé&itig costs are high, typgagents in
the disconnected core-periphery network in whitltale agents are of tyeand all
periphery agents are of typedo not wish to severe their links with each ottérare
not willing to form links with the completely isdkd typeb agents. The reluctance of
type a agents to form links with typle agents does not stem only from the low value
they give to this kind of direct connection, budafrom the fact that the tyjfeagents
do not provide any "extra" value of short pathsthad parties. However, this
additional requirement of "extra" value is not deahed when a link between two
type a agents is considered, since this link bears a kigbugh intrinsic value to
overcome the linking costs.

The second part of the proof shows the efficienicthe disconnected core-periphery
network (proposition 4.1) and the one-gate coréppery network (proposition 4.2).
The proof technique is very similar to the effi@grproof of proposition 3. However,
the differences are due to the behavior of the gy@gents who no longer wish to
form links with isolated type b agents, and themefthe possibility of an efficient
network which is not connected. The final step bistpart was to us&) to
characterize the cases in which the disconnectestpmriphery network has higher
total utility than the one-gate core periphery retnand vice versa.

The third part of the proof completes propositioh By establishing the uniqueness of
the disconnected core-periphery network in whitltale agents are of tygeand all
periphery agents are of tyje Briefly, we show that every pairwise stable netwo
have to contain a complete clique of all typagents. Thus, any other pairwise stable
network must have additional links relative to tHesconnected core-periphery
network. By lemma 1 its total utility should be hey, contradicting the efficiency
result.

The last part of the proof characterize, for theecaf Q > 0, the set of pairwise stable

networks other than the disconnected core periphetwork. It is easily shown that
these networks are non core periphery networkshicwall typea agents are directly
connected to each other and every tgmgent is either isolated or possesses at least
two links. We show that under values that do ntisBaassumption 2, the first case
can be demonstrated by a network with two connetyteela agents and a separate
circle of eleven typ® agents while the second case can be demonstnateetiwork

pictured in figure 4.
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Figure 4: non core periphery network which is
pairwise stable under certain conditions that do
not satisfy assumption 2. Every type b agent has
at least two links (black — typea, white — typeb).

The main characteristic of this range is that thkimg costs are too high for any type
a agent to invest in a connection with an otherwsséated typd agent. Obviously, if
this investment is too high for a tyjeagent, it is also too high for a typeagent.
Therefore, all the probable networks have eithetated typeb agents or typdé
agents that are directly connected to at leastifferent agents.

The additional utility per additional payment, destbbyQ, is a general measure that
has an interesting role in the results of proposid. While it is trivial, by definition,
that its sign sets the efficient network, it isheat surprising that its sign also have
some relation to individual incentives since ittidiguish between parameter values
for which there are pairwise stable non disconmkctere periphery networks and
cases in which the disconnected core peripheryar&tis the unique stable network.
As a result, Q serves as indicator to the tensawéen favorable and stable networks
which exists only ifQ > 0. However, the tension in this case is worth tharali
previous cases since the favorable one gate coighpey network is not stable since
its typeb agents are not attractive enough for the potegast agent. As mentioned
above, this result resembles the one found by dacksd Wolinsky (1996) in the

homogeneous model for stars in the rangec < 5+%252 :

Extremely high linking costs

Proposition 5 analyses the linking costs rangehiciwva direct connection between a
pair of typea agents is not worthwhile if they have an alteneapath of length two
between them. The proposition shows that in thgeaif assumption 1 holds, core
periphery networks are neither pairwise stablegafficient. The basic intuition behind

this result is that in this linking costs ranges tique architecture is too costly for the
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type a agents. Indeed, although it would not be prover lieie to lack of interest,
various architectures that feature a star for ype & agents emerge as pairwise stable

and efficient in this range of linking costs.

Proposition 5: If c>(5—52 ,, k>3 and assumption 1 holds, no core periphery

network in which all the core agents are of tgpand all the periphery agents are of

typeb is either pairwise stable or efficient.

The instability result is fairly obvious. Alreadyy proposition 4 we saw that if the
linking costs are too high for a tyjpeagent to connect to an otherwise isolated type
agent, the disconnected core periphery network hichvall the core agents are of
type a and all the periphery agents are of typis the only core periphery candidate
for pairwise stability. In the present level ofling costs, this network is not stable
since it is too high for the a type agent to maintain connections to all the other
agents considering he has an alternative patmgthewo to each of them K> .3
Note that assumption 1 is crucial for the corressnef this part of the proposition. If

it does not hold and > dw, , pairwise stable core periphery networks might rggme

(numerical example is provided in the proof). Thiuition is that the linking costs do
not prevent type agents from connecting to an otherwise isolatee byagents. By
maintaining this kind of connections the tygpagents become more attractive to other
type a agents since a link with them provides additioshbrter paths to their
peripheral typeb agents. If all the type agents increase their attractiveness by
connecting to otherwise isolated typeagents, it might be worthwhile for all the
internal connections in the core to be kept ankilitato be achieved.

In order to show that core periphery network inethall the core agents are of tygpe
and all the periphery agents are of typa&re inefficient, we began by showing that an
efficient core-periphery network should minimize thaths between peripheral type
agents. Then any network in which there was a bypgent with more than one link
was shown to be inefficient. The last step was howsthat the rest of the core
periphery networks, where all the non isolatedplety agents are linked to the same
type a agent (the gate) are inefficient. Indeed, a nore qeeriphery architecture in
which all the type a agents and the non isolatee lyagents are organized as a star
around the gate is shown to have higher totaltyitiNlote that assumption 1 was not
needed for this part of the proof.
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4 Conclusions

In this paper we introduced the heterogenuous atioms model in which there are
two types of agents whose their benefit from themnections to other agents depends
on their geodesic distance and on their types. ddpendence of the benefit on the
types is modeled using a discrete, positive andsgtmc intrinsic value function that
multiply the original depreciation factor of therhogeneous connections model of
Jackson and Wolinsky (1996).

In the case analyzed here both types have the <sadisal preferences over
connections, holding the path length constant andiged that no indirect benefits
are incurred due to shortening paths to other agéiftis setting is interpreted as a
"power based" society, where the powerful typdéstype preferred by both agents.
We show that in this simple framework, the domiramhitecture when linking costs
are not too low and not too high is the core pesiglarchitecture where the powerful
type agents are positioned in the completely camecore while the other type is
peripheral and is completely disconnected inteynaWarious versions of this
architecture appear as pairwise stable networkss¢ime cases the unique stable
network) and as efficient networks (always unique).

We suggest heterogeneity and “"power indicating gpegices” as an alternative
explanation for the circumstances under which ae qoeriphery network might
emerge. Thus, after the formation of the netwohlke, ¢ore agents have two distinct
sources of power. The first source is the highinstc value that all the members of
the society have from connecting to them. This powexogenous and independent
of the network formation process. The second soofqgewer is the central position
of the preferred type in the social network. Thesandary power which is easily
observed through the network structure is bothmhbaifestation of the original power
and its perpetuator.

The framework used in this paper, and specifiddléyintrinsic value function enables
the analysis of two other types of heterogenuousak@references. While we

assumedw, >w, >w, to characterize the "power based" society, assyntiat
w,, W, >w, might be interpreted as a "homophilic" societywhich both types of

agents prefer to connect to their own type oveneoting to the other type. Assuming

w, >W,,w, might be interpreted as a "heterophilic" societyihich both types of

agents prefer to connect to the other type ovenecimg to their own type.
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It is intuitive to predict that the dominant struiet in the "homophilic” society is the
segregated network in which there are two cohegraips densely connected
internally, one of type agents and the other of typeagent$’. However, it seems
that it takes very high linking costs in order thig&ve complete segregation, meaning
that the two groups form two separate componentgesthe benefit from a
connection between these groups is fUgEhis result is consistent, obviously, with
Burt (1992) identification of structural holes atite massive gains that they carry.
These basic intuitions are backed by an overwhgramount of empirical evidence
that was gathered regarding the dominance of satgeégietworks in which each

component is internally homogeneous under homapsiicial preferencés

It is also intuitive to predict that the dominaftrusture in the "heterophilic” society is
the bipartite network which consists of two cohesigroups sparsely connected
internally and densely connected exterrfalyOne observation is that the lack of
internal connections will lead to high average @egn this environmerit The main
line of research that analyses bipartite structuseshe analysis of matching
procedures, which is fairly different from the fation literature by its mechanistic
approach and the lack of network perspective inatients' utilities. It seems that the
empirical literature regarding the network perspectof bipartite structures and
heterophily barely exist4

We will conclude with the observation that companeth core periphery networks in
the empirical literature, the networks that emergethis analysis were "too neat".
Moreover, the change in the stable architecturendwan increase of the linking costs

wasn't continuous. However, we believe that thidus to the simplicity of the model

9 Informally, it seems that the internal structufeeach of the cohesive groups is either a complete
network or a star, depending on the linking coasspredicted in the homogeneous model of Jackson
and Wolinsky (1996).

% Similar intuition can be deduced from propositibof Jackson and Rogers (2005).

3L For representative results regarding homophilysauial networks see Precker (1952), Gurevitch
(1961), Travers and Milgram (1969), White et. 4B{6), Verbrugge (1977), Brieger and Ennis (1979),
Frank (1995) and McPherson et. al. (2001). Therals® a vast theoretical literature concerning
segregation, in particular due to the tendenciegatds economic segregation in both the US and
Europe since the 1970's (i.e. Miyao (1978), Bengi®93, 1996a, 1996b), Durlauf (1996)).

%2 Some cases of the coauthor model of Jackson anithaMy (1996) generate bipartite networks as an
efficient (yet not stable) outcomes. However, thesevorks are not densely connected between the
two sets of agents.

% Let ageni be a typea agent and let agepibe a typeb agent. If they are not directly connected, they
will probably have only a path of length three betw them since most 8§ neighbors will be typb
agents who are sparsely connected to agearid the same for agentThus, the net gain from direct
connection is higher in this framework and therefathigh average degree is predicted.

3 Krackhardt and Hanson (1993) mention segregatimme-periphery and bipartite structures as
undesirable architectures of organizational netaotdowever they do not discuss the normative
causes for the formation of these architectures.
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and introducing more complex mathematical objestsnan linear linking costs or
secondary stochastic formation processes will yithdse deviations with no

substantial important lessons about the formatedmalior of the agents.
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Appendix

Proof of lemma 1

We will show that ifg is pairwise stable then for each pair of agemtsdk, such thatik € g, it must
be thatTqu K, g) > 0. Assume thag is pairwise stable and that there is a pair ohtgjeandk,

such thatik € g and Tqu,k,g)< 0. Letl e N(i,g). First, if Sﬁ'f(Z): O then none of the
shortest paths between ageand agent in g pass through agekt Thus, S(i A, g) = S(i J,0- ik)
and Vj € N(i,g—ik): RC(,l, j,g-ik) =RC(,l, j,g) . Second, ifs,',‘(Z): S, then all the

1
shortest paths between ageand agent in g pass through ageht In networkg-ik, agent and agent
are either connected or disconnected. If they are iscodnected then

Vj e N(i,g—ik): RC(,l,j,g-ik) =RC(,l,j,9)=0. If they are connected then
Jj e N(i,g—ik): RC(,l, j,g—-ik) > RC(,l, j,g) =0 and there might be other neighbors
such that RC(,l, j,g—-1k) = RC(,l,],g9) =0. Last, if 5, > S,T(2)> O then some of the
shortest paths between ageand agent pass through agektand others through other neighbors. Let
agent M, be one of those neighbors. taik, S;* (2) is the same as in g an§, decreases and

therefore RC(,lI,m,, g —ik) > RC(,l,m;, Q). Let agentm, be one of the neighbors through
which no shortest path between agemsind agent go (such agent not necessarily exists). Hence,
RC(,l,m,,g—-ik) = RC(,l,m,,g) =0. Thus, when the link between agénand agenk is

severed, the relative contributions of i's otheighleors are non-decreasing and by the definition of
total relative contribution, stated above, it is eal that

Vj e N(i,g—ik): TRC(, j,g - ik) > TRC(, j, ) . Thus,
ZTRdl j,g)< ZTRdl j,g—ik). since TRdi,k,g)<0 we get that

jeN(i jeN(i,g-ik)

ZTRC(I J g) ZTRqI j,9- Ik) However, this means that; (g)< u, (g —ik).
jeN(i jeN(i,g-ik)
Therefore, it is beneficial for agento drop his link to agerk and thereforey is not pairwise stable.
Contradiction. Thus, ify is pairwise stable then for each pair of ageramdk, such thatik € g,

TR, k,g)> 0.

Proof of proposition 1

To show that the complete network is pairwise stdiost consider the case ¢f > 2. The net gains of
agent i from keeping the direct connectioij are at least oW, —C— 52Wm- . Since

In
(5 — 8% W, > C, the net gains are positive and both agents wipkthe link. In the case of = 2,
both agents are completely isolated after sevayingd therefore their net gains from keeping thk lin
are at leastdw,;;, —C. Since dW,;;, > C, the net gains are again positive and both ageititkeep
the link. Thus, the complete network is pairwisabl. To prove that the complete network is the
unique stable network, assume that there is anasthbte network,g’. There is at least one pair of
agents that are not directly linked @ . Assume that a path of length two links them. Asven above,
their net gains from connecting directly, whatewge their types, are positive and therefore this

network is not stable. Obviously, if a longer phttks them (as in the case of= 2), they will also
prefer to connect directly. Thus, the unique stat@vork is the complete network. To prove that the

complete network is the unique efficient netwoiikstfconsider the case di > 2 and letQ’ be a
non-complete network. There exists @ a pair of agents andj which are not directly connected.
Consider the networld” = g’ +ij . The minimal difference in total utility betweemettwo networks
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135

is achieved when every other agdnt# i, | have the same utility irg” as in 9" %, the two agents

are only two links away ing’ and when the internal value of their connectiothis lowest possible

one. Thus, the minimal difference in total utility 2(§/vmin —Cc-o%w, ) As shown above, this

min
difference is positive and therefo@' is not efficient. Ifn = 2 the only non-complete network is the
empty network, in which the total utility is zer@hus, the difference in total utility between the

complete network and the empty network is at IeaéﬁNmin —C) and as showed above this
difference is positive. In conclusion, for any noomplete networkg’ in which agents andj are not

directly connected, the networg” = g’ +1ij has higher total utility. Thus, the complete netwo
achieves the highest total utility and thereforis gtrongly and uniquely efficient.

Proof of proposition 2

Let g be the "maximally connected" core-periphery nelwiarwhich all the core agents are of type
and all the periphery agents are of typaNe will prove thaty is pairwise stable by showing that no
pair of periphery agents wishes to form a diredt,lino core agent wishes to severe her direct kioks
either the core or the periphery agents and ngbpery agent wishes to severe her direct links ¢o th
core agents. In order to show that no pair of fenip agents wish to form a direct link, note these

agents are of typb and that their utility frong is k(&lv2 - C)+ (I —1)52W3. If there is more than
one periphery agent (otherwise this case is irei8ly the utility of a periphery agenin g +1j where
j is a periphery agent i!s((&lv2 - C)+ (I - 2)52W3 + (&N3 - C). Thus, sinceC > (5— 52)\N , N0

periphery agent igg wishes to form a direct link with another periphagent. In order to show that no
core agent wishes to severe a direct link with lagotore agent, note that these agents are ofatype

and that their utility ing is (k—l)(&/v1 —C)+ I(éW2 —C). If there are more than one core agent
(otherwise this case is irrelevant), the utility arfcore agent in g —ij wherej is a core agent is

(k - 2)(&Nl - C)+ 5w, +1 (&N2 - C) as they will have a path of length two througtiadt party

(either core agent or periphery agent). Thus,itlevould be kept sinccéé‘ -52 )\/Vl > C. In order to

show that no core agent wishes to severe a dirdciiith a periphery agent consider first the case
which there is more than one core agent. If a aganti decides to sever a direct link with a periphery
agentj, it has no effect on the length of her paths torést of the agents i —ij . The new path to

agentj will be of length two (through another core ageiiihe utility of the core agent iy —ij is
(k—1)w, —c)+ (I —1)(w, — )+ 52w, and she will keep the link sincéﬁ—é’z)wz >C. If
there is only one core agent, her utility fragnis I(éW2 —C) while her utility from g —ij is

(I —1)(6W2 - C) and she will keep the link sinadn, > C. In order to show that no periphery agent

wishes to severe a direct link with a core agensiter first the case in which there are more thram
core agent. If a periphery agemtecides to sever a direct link with a core agemthas no effect on the
length of her paths to the rest of the agentgJir ij . The new path to agepwill be of length two

since (through another core agent). The utility thfe periphery agent fromg—ij is
(k—1)Sw, —c)+ 5w, + (I —1)5>w, and she will keep the link sinc(e‘f— 52)\N2 > C. If there
is only one core agent, the utility of a periphagent fromg is (éW2 —C)+(| —1)52W3 while her

utility from g —ij is zero. Sincedw, + (I —1)5°W, > Sw, > C, she will keep the link. In

conclusion, we showed thgf the maximally connected core-periphery networkvhich all the core
agents are of typa and all the periphery agents are of typé pairwise stable. To prove that this

% Note that in the connections model the exterpalittwo players connecting on the other members
of the network is non-negative. The new link migitt change any shortest paths in the network
(except of the one between the two connecting ajentreplace certain paths by shorter paths. th bo
cases, the utility of the members of the netwoparafrom the two that establish the new link, @n
decreasing. Deleting a link, on the other hand hinfgarm agents that are not involved directly ia th
severed link since it might lengthen some of tbiortest paths. Thus, if two agents wish to addla |

it will surely increase the total utility of the tweork, while if an agent whishes to severe a link i
improves her utility but might harm total utility.
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network is the unique pairwise stable network wk fivst show that in any pairwise stable netwotk a
the pairs of type agents are directly connected. L@t be a pairwise stable network in which there is

a pair of typea agents who are not directly connected (if thererily one typea agent this case is
irrelevant). Their minimal gain from linking is aeled if a path of length two links them and ifsthi
direct link does not shorten any of their pathstteer agents. Thus, their gains from the diredt &re

at leastow, —C—é‘ZWl > 0. Obviously, if a longer path links them and/orsttink shortens their

paths to other agents, they will surely gain evemenirom a direct link and thereforg’ is not stable,
contradiction. Now we will show that in any pair@istable network all the pairs of typeagent and
type b agent are directly connected. Lgt" be a pairwise stable network in which there isaa pf

type a agent and typé agent who are not directly connected while all plagrs of typea agents are
directly connected. Their minimal gain from linkifmgachieved if a path of length two links them and
if this direct link does not shorten any of theatips to other agents. Thus, their gains from thisct

link are at leastw, — C — 52W2 > 0. Obviously, if a longer path links them and/osthink shortens

their paths to other agents, they will gain evemarfoom a direct link and thereforg” is not pairwise

stable, contradiction. So far we have shown thatyepairwise stable network has at least all thgesd
of the maximally connected core-periphery netwarkvhich all the core agents are of typand all
the periphery agents are of typelf there is only one typb agent there are no other networks with
these edges (in fact it is the complete network) iurs the unique pairwise stable network. If thées
more than one typle agent, we will show that every network which haese links but also some more
links between typd agents is not pairwise stable. Lgt" be a stable network in which every pair of
type a agents are directly connected and every pair pé &y agent and typd agent are directly
connected and there is at least one pair of bypgents which are directly connected.gfi the path
length between two typle agents is two if they are not directly connecteaie if they are directly
connected. Moreover, severing a direct link betwentypeb agents andj will not affect the paths
between those two agents and other agents in tiweorke Thus, the net utility gains of each tybe

agent's utility from severing the direct link toadimer typeb agent are52W3 —(&N3 —C). Since

m

c> (5 -52 )\/V3 she would wish to severe her direct link to thieeottypeb agent and thereforg

is not pairwise stable, contradiction. Thereforeg maximally connected core-periphery network in
which all the core agents are of typand all the periphery agents are of tyypie the unique pairwise
stable network. To prove that this network is th&que efficient network, leg be a network in which
there exist a pair of ageriteindj, at least one of them is a typegent, which are not linked. Consider
the networky’' = g +ij . Remember that the externality of two players esting on the other
members of the network is non-negative and theeafdyoth agents andj wish to link directly to each
other the total utility ofg’ must be higher than the total utility gfWe showed above that two type
agents always wish to connect directly and so gaina of typea agent and typé agent. Thus, the
efficient network belongs to the set of networksvinich typea agents are completely connected while
typeb agents are connected to all tywagents and maybe to some of the other bypgents. In these
networks, the shortest path from a typagent to any other agent is of length one, andlioetest path
between two typd agents is one if they are directly connected avwl dtherwise. Thus, severing a
link between two typé agents harms the utility of none of the agents dha not involved in the link.

Since (5 - 52)\N3 < C any pair of type agents increase total utility by severing the liHkence, the

highest utility will be achieved if there will beonlinks between typd agents. Thus, the unique
efficient network is the maximally connected coeriphery network in which all the core agents dre o
typea and all the periphery agents are of type

Proof of proposition 3

Let g be a member of the set of minimally connedeek-periphery networks in which all core agents
are of typea and all periphery agents are of typdn order to show thaj is pairwise stable we have to
verify four conditions: no pair of periphery agemtsuld like to connect, no pair of core agent and
periphery agent which is connected to another agent would like to connect, no pair of core agent
and one of her periphery agents would like to seveeir direct link and no pair of core agents wioul
like to severe their direct links. First, we wilav that no pair of periphery agents would likddom a

link (if there is only one periphery agent this €as irrelevant). Note that there are two kindpaifs

of periphery agents — a pair in which both agentscannected to the same core agent and a pair in
which the agents are connected to different coentag Consider the case in which both periphery
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agents are connected to the same core agent.sk ta® periphery agents form a link, it reduces the
distance between them but does not get them ctosany other agent. By forming this link, each of

these agents gains a net utility 8V, — C — & W, Thus, sinceC > (5— 52)\N2 > (5— 52)\N3 this
pair of agents would not wish to connect direcilpw, consider the case in which the two periphery

agents are connected to different core agentsdiktis only one core agent this case is irrelg@viint
these two periphery agents form a link, it redumaly the distance between them. By forming thig,lin

each of these periphery agents has a net utilitydof —C—5SW3. Thus, using assumption 2,
c> (5— 52)\N2 > (5— 53)\N3 and this pair of agents would not wish to conrdigctly. Second,

we will show that no pair of core ageﬁjl) and periphery ager(ﬂ) who is linked to another core
agent (j,) would like to form a direct link. If links to j,, i shortens her path td, and to her

periphery. On the other hanq'1 only shortens her path toSince the gains 01]'l from such a direct

link are lower (the intrinsic values are positivedasymmetric), she decides whether the Iihlk will

form®. Since originally jl has a path of length two tpshe will object as long aé > (5— 52)\N2.

Therefore, no pair of core agent and periphery tag#io is linked to another core agent would like to
form a direct link. Third, we will show that no paif core agent and one of her periphery agentddvou
like to severe their mutual link. The core agernit not severe the link since by severing it sheefos

oW, —C and W, > C. The net utility of the periphery agent from this is at least as high as that

of the core agent since she gets all her indirenhections through this link. Therefore, she wékg

the link as well. Last, we will show that no paframre agents would like to severe their mutuak lin
(irrelevant if there is one core agent). If there anly two core agents in the netwoirlandj, severing
the link between them will turn the network intoatwdisconnected stars. In this case, the net utility

gains to agent from deleting the link arec—(&/v1 + 52NjW2). Therefore, she will keep the link
since oW, —i—é‘zNjW2 > OW, > AW, > C. If there are more than two core agents in thevos,

agenti's net utility gains from severing the link ac‘ézwl + 53N]-W2 +C— (&Nl + 52N1W2) (her
direct contact with ageiftbecomes a length two path, and her length twospatfs periphery become
length three paths). Using assumptior(&,— 52)\N1 + (52 -5 )NjW2 > (5 — 52)\N1 > W, >C,

we get that both core agents will keep the direét IThus, we showed that any minimally connected
core-periphery network in which all the core agemts of typea and all the periphery agents are of
typeb, is pairwise stable.

However, there are networks that are pairwise stanid do not belong to the set of minimally
connected core-periphery networks in which all aogents are of typ@and all periphery agents are of
typeb.

The first example is pairwise stable under asswnp?i and not pairwise

stable under assumption 2*. Consider the followmagwork where the

black circles stand for typa agents and white circles stand for tyipe

agents. One can verify that under the values
11 3 1 _ .

C=—,0=—,W, =5W, =1 w, =— , which satisfy the range and
32 4 2

assumptions 1 and 2 and does not satisfy assumptjonhis non-core-
periphery network is pairwise stable. If the lindiocosts were higher than

oW, assumption 2* was satisfied but the network was pairwise

stable since the connection between the two typegents would be
dropped by the agent connected to the core.

The second example is pairwise stable under bathngstions 2 and 2*.
Consider the following network where the black leiscstand for typa
agents and white circles stand for typagents. One can verify that under

the valuesc=106 2%,Wl =10,w, = ?)%,W3 = 1% , which satisfy

the range and assumptions 1, 2 and 2*, this noe-periphery network
is pairwise stable.

% This observation is a specific case of the "ppteiof least interest" that states that the parast
interested in a relationship determine the intgradiinteraction (see Waller and Hill (1951)).
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In both examples, if the tygeagent who is not connected to the core, will sexadirhis links and will
form a link with one of the typa agents, the resulting minimally connected corépbery network
will be pairwise stable. However, it will not Pavelominate the original network since the type
agent with whom the periphery agent formed the sinifers a loss of utility, because in this ranfe o
linking costs, a direct connection between tgpend a typeéb agents is not worthwhile if they have a
length two path between them and it does not shanmg of his other paths.

Now, we will characterize the set of pairwise stabétworks which are not minimally connected core-
periphery networks under assumptions 1 and 2. Weshow first, that each pair of typeagent are

directly connected ilg. Let g’ be a network in which there is a pair of typ@gents who are not
directly connected. In order to examine the miniroahtribution of a direct link to these agents'
utilities, assume that a path of length two linksrh and that connecting them directly does nottshor

any of their other connections. Their net utilitgigs from a direct connection ardV, —C — 52W1.

By assumption 1(5 - 52)\N1 > W, > € and therefore it will surely be beneficial for $eeagents to
connect directly, let alone if a longer path linkem and/or if the new link shortens their conredi

to other agents. Thugj’ is not pairwise stable, and the set of pairwisdlst networks is a subset of
the set of all networks in which each pair of tgpagents is directly connected. Next we will shoatth

a pairwise stable network must be connected.(etbe a network in which each pair of typegents
are directly connected and there is a pair of agesth no path between them. One component of this
network includes at least all the typeagents while all the other components include dppe b
agents. Since, > C it is beneficial for any pair of type a agent dgpe b agent who do not share
the same component to connect, even if they suggty other with no indirect shorter paths to other
agents. Thus@" is not pairwise stable, and the set of pairwiablstnetworks is a subset of the set of

all connected networks in which each pair of tgpagents is directly connected. Next, igt’ be a

connected network in which each pair of typegents is directly connected, each typagent is
directly connected to at least one typagent and there is at least one thpggent (agent) which is

directly connected to more than one tgpagent (agentg,, j,,..., ], ). Note that agentj, has a path

of length two to agenitthrough agentj2 and that none of her shortest paths pass thrduglagent
(every typeb agent is at least directly connected to one y@®ent). Therefore her net gains from
severing its link to ageritare &°W, —(&N2 —C). Thus, sinceC > (5—52)\N2, J; would like to

m

severe her direct link to ageinand g~ is not pairwise stable. In conclusion, a pairvgsEle network

must be a connected network such that each paipef agents is directly connected. Moreover, there
are two possible patterns of connections betweetytiea and typeb agents — either each typeagent

is directly connected to exactly one tywagent or there is at least one typagent who is not directly
connected to any typa agent. Regarding the first pattern, it is leftd® shown that in any such
pairwise stable network there are no direct conoestbetween typb agents. Note that there are two
kinds of pairs of typd agents — a pair in which both agents are conndotdte same typa agent and

a pair in which the agents are connected to diffecere agents. Consider the case in which bothliyp
agents are connected to the same typmgent. Keeping a direct link provides net utilggins of

SW, —C—5°W, and sinceC > (5—52)\N3 this pair of agents would prefer to sever the .link
Consider the case in which each of the two agentsmnected to a different typeagent. Keeping the
link provides net utility gains of AW, —C—5SW3. Using  assumption 2,

c> (5 - 52)\N2 > (5 -5° 5, ensures that this pair of agents would prefeseteer the link. Thus,

if g is pairwise stable of the first pattern it mustabeninimally connected core-periphery networks in
which all core agents are of typeand all periphery agents are of typeThe pairwise stable networks
of the second pattern are connected networks ichwdach pair of typa agents is directly connected
and there is at least one typeagent who is not directly connected to any tgpagent. Replacing
assumption 2 by assumption 2* forces these bypgents who are not directly connected to any &/pe
agent to have at least two links. Otherwise, th@yehone link (the network is connected) and the net

utility gain of the agent that they are linked flmm severing this link isC — dw; . By assumption 2*

this gain is positive and therefore under assumptiband 2* the set of non-core-periphery netwigks
the set of connected networks in which each paiymda agents is directly connected, there is at least
one typeb agent who is not directly connected to any tgmment and each one of these agents has at
least two links. The two examples above demonségaetly this point.
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Now we will prove that the set of efficient netwsrls the set of one-gate minimally connected core-
periphery networks in which all core agents araéypk a and all periphery agents are of typel et

g be a network in which there exists a pair of ageatsdj, both of them are typa agents, which are
not linked. Consider the netwogK = g +1j . The minimal difference in total utility will behe
differences in these two agents' utilities assurtfiag they have a path of length two between theg i
and that the new link does not improve any othertsist path in the network (see footnote 35). Thus,

the minimal difference for both agents 2€&N1 - C—52W1) which is positive due to assumption 1

(5—52)\N1 > AW, > C. Therefore, for any networg in which there exists a disconnected pair of

agents andj, both of them are type agents, there is a netwodf’ = g +1ij with higher total utility.
Thus, the efficient network belongs to the set efworks in which typea agents are completely
connected among themselves. Next we will show ttatefficient network is a member of the set of
connected networks in which typeagents are completely connected among themsdleesy” be a
network in which each pair of tymeagents are directly connected and there is agbaigents with no
path between them. One component of this netwarkides at least all the tymeagents while all the
other components include only type b agents. Censadpair of typea agent () and typeb agent |)
who do not share the same component. Such a pats éx any disconnected network. The minimal
difference in total utility if these agents connestll be the differences in these two agentsitids
assuming that the new link does not improve angrogihortest path in the network (see footnote 35).

Thus, the minimal difference for both agents2@¥,, — C) which is positive sincelw, > C. Thus,

g” is not efficient since the total utility igy” + i is strictly higher. Thus, the efficient networktig

network that maximizes the total utility of connetttnetworks in which each pair of typeagents is
directly connected. The last step is to show that dne-gate minimally connected core-periphery
network in which all the core agents are of tgpand all the periphery agents are of types this
network. In any connected network in which eachr patypea agents is directly connected, there are

k(k-1) 1(1-2)
2

paths between two type agents. Since there is a complete sub-graph ofyftea agents all their

k(k —1)
2

and typeb agents (it must be at least one since it is a @cted network) and by<, > 0 the number

paths between two tymeagents,kl paths between typ@ and typeb agents an

internal paths are direct links. Denote B, >1 the number of direct links between type

of direct links between two type agents. Thus, there ald — K, indirect links between typa and

[(I -1)

typeb agents andT — K, indirect links between two tygeagents. In addition, since there are

typeb agents and the network is connected, it must dekh + K, > | . The maximal overall value
of this network is achieved when all the indiredhk$é are of length two, and it is:

—k(kz_ 2 (26w, — 2¢)+ K (28w, — 2¢)+ K., (28w, — 2¢)+ 252w, (Kl - K, )+ 252\,\,3(_' ( 2—1) _ sz

The overall value of a one-gate minimally connectede-periphery network in which all the core
agents are of typea and all the periphery agents are of typd is:

@(2&/\/1 —2¢)+1(20w, — 2¢)+ 25w, (k — 1)l + 252w, @ The difference
between the maximal value and the one-gate networkvalue is
2(Kl -1 )(dlv2 ~ 5w, — C)+ 2K2(dlv3 — 5w, — C). Note that this difference has to be non-
negative since the maximal value has to be at Esakigh as the total utility of the one-gate mialig
connected network. Therefore, it must be t(iat— Kl)(C— oW, + 52W2)2 Kz(c— oW, + 52W3).

Since C> (5—52)\N2 > (5—52 ,, it holds that C— W, +5°W, < Cc—dw, +5°w, and
therefore it must be that eithdr— K, > K, or K, =I andK, =0. Note that the first option

violates the connectivity condition K; + K, > 1. In conclusion, the highest total utility among
connected networks is achieved if this network thes typea agents completely connected among

themselves, no connections between ty@gents andl connections between typeagents and type
agents. Due to connectivity it must be that kHanks between typd agents and typa agents are
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divided such that each tyfeagent has exactly one such link. Therefore, the/ord belongs to the set
of minimally connected core-periphery networks. Bmrer, we showed that the one-gate minimally
connected core-periphery network achieves the maximro show that other minimally connected
core-periphery networks do not achieve the maximote that if all typéb agents connect to the same
typea agent it increases the utility from the indirdoks within the typéb agents and does not change
the utility from other types of connections (thenections between tyeagents are still of length one
andl| of the intertype connections are of length one thiedrest are of length two). Hence, the network
that achieves the highest total utility among adnmected networks is the one-gate minimally
connected core-periphery networks in which all toee agents are of type and all the periphery
agents are of typb. Thus, we showed that one-gate minimally connectaéd-periphery networks in
which all core agents are of typeand all periphery agents are of typenaximizes the total utility of
connected networks in which all ty@eagents are completely connected among themseBinse
earlier we showed that disconnect networks and ersvin which there are type agents which are
not directly connected are inefficient, the oneegatinimally connected core-periphery networks in
which all core agents are of typeand all periphery agents are of typés strongly efficient and there
are no other efficient networks.

Proof of proposition 4

Let g be the disconnected core-periphery network in wrad core agents are of tymeand all
periphery agents are of tyjpe To show that is pairwise stable we have to verify that pairgypie a
agents would not like to severe their link, whilgyather pair of agents would not like to form rakli
First, let us consider the links between the peniphagents. The value to the agents from being

completely isolated is zero while the value forteatthem from being directly connecteddg/, —C.

Since € > W, > W, no pair of periphery agents in the disconnectee-periphery network would
like to form a link. Second, let us consider a mdia periphery agent and a core agent. The carrtag
gains, by forming the linkdw, — C since no indirect connections are formed throughgeriphery

agent. SinceC > oW, no pair of core agent and periphery agent in tiseotinected core-periphery

network would like to form a link (note that thensiderations of the periphery agent are irrelevant
this case due to the mutual consent requiremetydTlet us consider the link between the core
agents. If there are only two core agents in thevork, severing the link between them will turn the

network into the empty network and therefore theggkthe link sincelw; > C. If there are more than

two core agents in the network, a core agent gdiascost of the link from severing the link. In
addition, her direct contact with her fellow comgeat becomes 2-link path. Thus, her net utilityngai

from severing the link areé'zwl—(éwl—c) and therefore the agent will keep the link since

(5 - 52)\N1 > C. In conclusion, we showed that the disconnected-periphery network in which all

core agents are of type and all periphery agents are of types pairwise stable. Note that this
observation does not depend on the value of Qlmm@fore it is relevant for both 4.1 and 4.2. W# wi
deal with the uniqueness of this pairwise stabtevaek after the proving the efficiency results foth
4.1 and 4.2. We will prove that the efficient netlwds either a one-gate minimally connected core-
periphery network where all the core agents argyppé a and all the periphery agents are of type

(when Q > 0) or the disconnected core-periphery network wiadirthe core agents are of typeand

all the periphery agents are of typéwhen Q < 0). We will first show that the efficient network $ia
no pair of typea agents which are not directly connected. Igebe a network in which there is a
disconnected pair of ageritandj, both of them are typa agents. Consider the netwak= g +1j .
The minimal difference in total utility betweeg)’ andg is the differences in these two agents' utilities
assuming that they have a path of length two betvikem and that this link does not improve any
other shortest path in the network. Thus, the mahidifference for both agents E(&Nl —-C— 52W1)

which is positive since(é'—é'z)\N1 > C. Therefore, for any networl in which there exists a

disconnected pair of ageritandj, both of them are typ@agents, there is a netwof = g +ij with

higher total utility. Thus, the efficient networlklbongs to the set of networks in which typagents are
completely connected. Next we will show that thee-giate minimally connected core-periphery
network in which all the core agents are of tgpand all the periphery agents are of typbas the
highest total utility among the set of connectetivoeks. Consider the maximal overall value of a
connected network in which tymeagents are completely connected among themsdlvesly such
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k(k -1)

network there areT paths between two type agents,kl paths between typa and typeb

[(I -1)

agents andT paths between two tyfgeagents. Since there is a complete sub-graph dipge=a

k(k -1)

agents all their internaJT paths are direct links. Denote U, > 1 the number of direct links

between typea and typeb agents (it must be at least one since it is a ected network) and by
K, = 0 the number of direct links between two typagents. Thus, there ald — K, indirect links

I(I -1)

between typea and typeb agents andT— K, indirect links between two typle agents. Note

that since there ardetype b agents it must be thaf; + K, > | . The maximal overall value of this
network is achieved when all the indirect Ilinks areof length  two:

k(k2—1)(26w1 —2¢)+ K, (26w, — 2¢)+ K, (28w, — 2¢) + 25°w, (kI - K, ) + 252W3[| (I 2—1) ~ sz

The overall value of a one-gate minimally connectede-periphery network in which all the core
agents are of typea and all the periphery agents are of typd is

—k(kz_ ) (26w, — 2¢)+1(28w, — 2¢) + 25w, (k — 1) + 25°w, @ The  difference

between the maximal value and the one-gate network is
2(K, —1 )(éwz —5%w, — C)+ 2K2(6W3 —5%w, — C). Note that this difference has to be non-
negative since the maximal value has to be at Esabkigh as the total utility of the one-gate mialim
connected network. Therefore, it must be tflat— Kl)(c— oW, + 52W2)2 Kz(c— o, + 52W3).

Since ¢ > AW, > (5 — 5%, > (5 — 52 W, it holds that C— AW, + 52W, < C— W, + 5°W,
and therefore it must be that eithler- K, > K, or K, =I andK, = 0. Note that the first option

violates the connectivity conditiorK; + K, >1. In conclusion, the highest total utility among

connected networks is achieved if this networkd@splete clique of all typa agents, no connections
between typd agents andl connections between typeagents and typle agents. Due to connectivity
it must be that thé links between typéd agents and typa agents are divided such that each tigpe
agent has exactly one such link. Therefore, thevordt belongs to the set of minimally connected eore
periphery networks in which all the core agentsairgypea and all the periphery agents are of type
Moreover, we showed that the one-gate minimallynemted core-periphery network achieves the
maximum. To show that other minimally connectedeeperiphery networks do not achieve the
maximum note that if all typk agents connect to the same tgpggent it increases the utility from the
indirect links within the typd agents and does not change the utility from otyy@es of connections
(the connections between typeagents are still of length one ahdf the intertype connections are of
length one and the rest are of length two). Hettoe,network that achieves the highest total utility
among all connected networks is the one-gate mihimsannected core-periphery networks in which
all the core agents are of typeand all the periphery agents are of typeSo far we showed that the
efficient network is either the one-gate minimaiynnected core-periphery networks in which all core
agents are of typa and all periphery agents are of typer a disconnected network in which all type
agents are completely connected among themselaghéa-component is a one-gate minimally
connected core-periphery network in which all cagents are of typa and all periphery agents are of
typeb (as a conclusion from the proof above). For tis¢ $éep, let am-one-gate network be a network
in which all the typea agents are completely connected among themsetvetthe typeb agents are
connected to the same typegent (the gate) and the rest of the ty@aents are completely isolated.

We will show that the(l —1) -one-gate network has higher total utility than thié disconnected

networks in which there is at least one link owgsidea-component. Let us explore the disconnected
networks in which there is at least one link owgstlea-component. Since the agents who are not
connected to tha-component are all of typk we can use proposition 1 of Jackson and Wolinsky

(1996) to assert that sinag> (5— 52)\N3 this group of agents will achieve its maximal tattlity
either as a star encompassing all the group menfibetar) or as an empty network. Thus, we have to
show that the(l —1) -one-gate network has higher total utility than doeible-component network that
combines the@-component and thie-star. Let the number of agents in thstar beh and let the utility
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of the a-component beX . The total utility of the network if the group @ganized as a star is
X +2(h—1)dw;, —c)+ (h—1)h—2)52w,. The total utility of the network if all the leav@f the

b-star replace their links from thestar center to the gate of thecomponent (to create aﬂ —1)-

one-gate network) is at leagf + 2(h —l)(&lv2 - C)+ (h —l)(h — 2)52W3 since the previous-star
center is now isolated (note that it is minimalcgirwe do not count the indirect connections between
the original members of thecomponent and thér—1 newcomers). Since the second expression is
larger, the total utility of the(l —1) -one-gate network is higher than all the discoregkctetworks in
which there is at least one link outside #heomponent. Note that so far we have shown thalt-time-
gate network has higher utility than all the conadmetworks and that tr(é —1) -one-gate has higher

total utility than all the disconnected networks vitnich there is at least one link outside the
component. Remember that as a conclusion fromriadqus proof above, the-one-gate network has
the highest utility among the set of networks inichhthe a-component includem type b agents and
there are no links among the othen typeb agents. Thus, we have shown that the efficierwaondt is
the network that achieves the highest total utiléynong the set ofm-one-gate networks

(m=0,...,1). The total utility of an m-one-gate network is
k(k —1)dw, + 2mdw, + 2(k —1)ms>w, + m(m—1)5>w;, —k(k —1)c—2mc. It is easy to see
that the total utility of then-one-gate network is an upward paraboleniand therefore its maximum is

achieved on one of the edges — eithee=1 (one-gate minimally connected core-periphery netso

in which all the core agents are of typeand all the periphery agents are of typeor m=0
(disconnected core-periphery network in which la#l tore agents are of typeand all the periphery
agents are of typb). By the definition of Q it is clear that the difence between the total utility of

these networks equals exactBlQ . Therefore, ifQ > 0 the set of one-gate minimally connected
core-periphery networks in which all core agentsairtypea and all periphery agents are of typare
strongly efficient and there are no other efficietworks (proposition 4.2.3) while i) <0 the

disconnected core-periphery network in which afliecagents are of tymeand all periphery agents are
of typeb is the unique strongly efficient network (efficnpart of proposition 4.1). It is left to show

that when Q <O there are no pairwise stable networks besidesdibeonnected core-periphery

network in which all core agents are of tygpand all periphery agents are of typéfor this part of the
proof we will denote this network k) and to characterize the non core-periphery nédsvathich are

pairwise stable whe® > 0. First, we will show that ifQ < O the unique pairwise stable network is

d. Let g be another pairwise stable network. Theegfeitherg has two typea agents which are not
directly connected or it has a directly connectait pf agents, at least one of them is a tmgent.

Let g’ be a network in which there is a pair of typagents who are not directly connected. In order

to examine the minimal contribution of a directklito these agents' utilities, assume that a path of
length two links them and that connecting them diye does not shorten any of their other

connections. Their net utility gains from a direcbnnection are &/vl—c—ﬁzwl. Since

(5 - 52)\N1 > C it will surely be beneficial for these agents tmuect directly, let alone if a longer
path links them and/or if this link shortens thednnections to other agents. Tha, is not pairwise

stable. Letg” be a pairwise stable network in which each paiypéa agents are directly connected
and some of the typgeagents are directly connected to typagents. Let us compare the utilities of the
agents in networkl to their utilities in 9" . Typea agents that are not connected directly to type
agents in g" surely have higher utility ing” than ind since they benefit from the indirect
connections to typb agents without changing their costs. Tyomgents that have direct connections to
type b agents in Q" have the utility they had iml plus the utility they gain from their direct
connections to type agents. Using lemma 1, )" is pairwise stable, it is straightforward that the
total relative contribution of each tyfeagent to his typa neighbor must be non-negative. Therefore,
the total utility of each of the typeagents is at least as high @ as it is ind. Thus, the sum of type
a agents' utilities inQ” is at least as high as it isdn (note that it might be equal if there is onlyeon
type a agent in the network). Since in netwatkhe total utility of typeb agents is zero and since
networkd is uniquely efficient then there must be at lemst typeb agent inQ” with negative utility

which contradicts, by the implication of lemma he tstability of " . Thus, in a pairwise stable
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network whenQ < O type agents are completely connected between tHeessand completely

"

disconnected from typk agents. Letg"™ be a pairwise stable network in which each paitypg a
agents are directly connected, there are no dirdct between typa and typeb agents and there is at
least one pair of typle agents that are directly connected. Note thastime of utilities of typea agents
in g"” is equal to the sum of utilities of tymeagents in networkl. Thus, it must be that the sum of

utilities of type b agents irg” is negative, sincd is uniquely efficient and the sum of utilitiestgpe

m

b agents ird is zero. Therefore, there is at least one typgent ing™ that have negative utility which

m

contradicts, by the implication of lemma 1, thebfityy of g~ . This completes the proof that if

Q < 0 the disconnected core-periphery network in whithcare agents are of typa and all
periphery agents are of typds the unique pairwise stable network.
Next, we will show some characteristics of pairnésable networks whef) > 0. We conjecture, but

fail to prove, that wherQ > 0 and assumption 1 and 2 hold, the disconnectedpaniphery network

in which all core agents are of typeand all periphery agents are of types the unique pairwise stable
network. The following two examples show that whike heterogeneity condition is not satisfied the
disconnected core-periphery network is not unique.

Consider the following network where the black leiscstand for type

agents and white circles stand for typeagents. One can verify that

under the vaIuesC::L—G:L,é‘:l,wl =3w,=1w, 23 , the
32C 2 10

range and assumption 1 is satisfied while assump?ids violated.
However, in this case this non-core-periphery néftwis pairwise
stable. Moreover, is assumption 2 is violated treree pairwise stable
networks which are neither connected nor discomaecore-periphery
networks. One can verify, for example, that thewoek with two
connected typa agents and a separate circle of eleven bypgents is
pairwise stable in the given range under the falhgw values:

c=£3,5=1,w1 =4w,=1w, :@.

32 2 1921
Next we will show that whefQ > 0 any pairwise stable network, which is not the distected core-
periphery network, is a non-core-periphery netwarivhich all typea agents are directly connected to
each other and there is no typeagent with exactly one direct connection. L@t be a network in

which there is a pair of typ@ agents who are not directly connected. In ordesxemmine the minimal
contribution of a direct link to these agents'ititis, assume that a path of length two links treamd
that connecting them directly does not shorten @ntheir other connections. Their net utility gains

from a direct connection aréw, —C— §*W, . Since (5 -5° )\N1 > C it will surely be beneficial for
these agents to connect directly, let alone ifrayéw path links them and/or if this link shortehsit
connections to other agents. Th, is not pairwise stable, and the set of pairwisdlst networks is
a subset of the set of all networks in which eaaih @f typea agents are directly connected. L@t be

a network in which there is a tyfieagent, agent, who has exactly one direct connection. Consider,
agentj who is the only agent with a direct connectiongerai. agen{'s net utility from the direct link

to agent is oW, — C(k € {2,3}). Since km{a>§&Nk —C =W, —c <0, agenf, whatever her type is,
€123

would prefer to severe the link and theref@@é is not pairwise stable. Next we will show that the

disconnected core-periphery network is the onlywae stable core-periphery network. Lgt" be a
non-disconnected core-periphery network is whichtla¢ core agents are of tyge and all the
periphery agents are of tyge Hence, all the typa agents ing” are directly connected between

themselves, while all the tygeagents are directly disconnected among themsaiveshere is at least

one typeb agent who is not isolated and is connected dir¢ottypea agent. From the proof above,

we can deduce that any type b agent who is noatemlhas at least two direct connections to gype
agents. However, since the typagents are completely connected they can sever@thto this type

b agent and still have a path of length two conmgcthem to her. They will prefer to do so since

(5—52)\N2 < C. Therefore,g"” is not pairwise stable. Thus, we showed that amiywise stable
network is either the disconnected core-periph@tyvark or a non-core-periphery network in which
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all type a agents are directly connected to each other ame tis no typeéh agent with exactly one
direct connection.

Proof of proposition 5

First we will show that no core-periphery network which all core agents are of typeand all
periphery agents are of typds pairwise stable under the given range if assiomfd holds. Leg be a
core-periphery network in which all core agentsafreypea and all periphery agents are of typand
there is at least one direct link between tgpend typeb agents. Assume that g is pairwise stable. By
the definition of core periphery networks there apedirect links between tygeagents and every pair
of type a agents maintains a direct link. Let agdra a typea agent and agefte a typeb agent, such
that ij € g. Thus, the benefit that ageinteceives from this link isiw, —c since this link provides
agenti with no shorter paths except the one to agesincec > (5—52 4, assumption 1 guarantees
that c > dw, and therefore the benefit of this link to ager# negative and he would like to severe it.

Therefore g is not pairwise stable. It is left ttow that the disconnected core periphery network in
which all core agents are of typeand all periphery agents are of types not pairwise stable. Assume
that it is pairwise stable. The net benefit of ddeof typea from the direct link to another aggnalso

of typea, is dw; —c since this link does not shorten any of his ofheths. If ageni drops the link to

agentj he has a path of length two to agptiirough a third typa agent k > 3) which yields 52W1.

Since c> (5—52)\/\/ , agenti would like to severe his link to agentThis contradicts the assumption
that the disconnected core periphery network inctiall core agents are of typeand all periphery
agents are of typb is pairwise stable. We showed thataf- (5—52)\/\/1, k>3 and assumption 1
holds, then there is no pairwise stable core periphetwork in which all core agents are of typand
all periphery agents are of typeNote that if assumption 1 is violated then théement is false. One
can verify that under the valueg =%,5 =%,W1 =2,wW, =1 w; =%,k =31 =6 , the linking costs

range and the minimal number of typeagents are satisfied, assumption 1 is violated taed
minimally connected core periphery network in whathcore agents are of type all periphery agents
are of typeb and each typa agent is directly connected to two typegents is pairwise stable. Now
we will show that the efficient network is nevecare-periphery network in which all core agents are

of typea and all periphery agents are of tymeDenote by A% the set of typa agents in network.
Denote byBJ the set of typd agents who are not isolated in netwgrind by B the set of typé
agents who are isolated in netwgkLet g € CR, , if g is a core-periphery network in which all the
core agents are of ty@eand all the periphery agents are of typé hasp links between typa agents

and typeb agents andj =|Bg " (Naturally, p>q). Let ge HCP,, if geCR,qand every pair of

agents inB¢ have a length two path between them (they haleaat one common core neighbor). Let

geGCR,, if geCR,4and there is a member &9 (the "gate") which is directly connected to all

the agents inBY . By definition, ¢ = GCR, y € HCPR, ; = CP, 4. In what follows we will divide the

total utility of a given network into four comportenthe utility from the connections between twpdy
a agents, the utility from connections between twmetb agents, the utility from connections between
type a and typeb agents and the total linking co$tsGivenp andq, the difference in total utility
among the members &P, , comes solely from the connections between paitypEb agents. This

is true since the typa agents are completely connected, the total linkivgts are identical between all

3" The disconnected core periphery network belong&Ry,, the minimally connected core periphery
networks belong teCR | and the maximally connected core periphery netve@ikngs toCR, , .

V@)=Y ule)=>| > o sHtle .t )- de|= Do ”f(t,,tj) ZC

ieN ieN jeN\{} ]eN\{i}:i]eg ( j)ENXN eNxNIJeg
38 #)
V( )_ 5dij dj S u _
g)= Wy + W, + Cc
_(i,j_)eNxN ( j)eNxN €N><N eNxNIJeg
i#] i#]

ti=at;=a ti=at;=b ti :b,ti =b
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these networks since the number of connectiorizad fall these networks possess the same number of
direct links between typa agents and typle agents and therefore also the same number ofldwgt
connections (there are no longer shortest pathgdeet typea and typeb agents due to the complete

connectivity of the core). Moreover, since the merstof B? do not contribute anything to the total
utility, the difference in total utility betweendghmembers ofCPp’q are solely due to the internal

connections of the members &7 . Since the networks iICPp’q are core periphery networks such

that all core agents are of typeand all periphery agents are of tyjpethey possess no direct links
between type agents. Therefore the highest total utility formiers ofCPp’q is achieved by the

members ofHCP, , since every pair of connected typeagent has a length two path. In particular,
this value is achieved by all the membersG€R, ,. Now we will show that the value achieved by the
members ofGCR, ; is higher than the value achieved by the membleGCR, , for all p>q. Given

g, the differences in total utility between the memsbof those groups comes solely from the benefits
and costs of connections between tipagents and typa agents different from the gate. This is true
since the typea agents are completely connected, the type b adens length two path among
themselves and the total linking costs excluding tbnnections between tyfpeagents and typa
agents different from the gate are identical. Themiers of GCR, , have no links between typge

agents and typea agents different from the gate and therefore thdiitional net benefit is zero.
However, the members d&CR, , for p>q have at least one link between typagent and typa
agent different from the gate. Any such link do@$ change the utility of other agents since they
already have a path of length of at most two witthktypes of agents. Therefore, the contribution of

this link to the total utility comes only from ttshortening of the path between those agents from a
length two to a length one and each of them pafgs that benefit. Therefore its total contributitn

2[(5—52)% —cJ which is negative. Thus, givap we showed that for everp > q the total utility of
the members of GCR,, is lower than the total utility of the members d&CR,, by

2(p—q)[(5—52}/v2 —CJ. Since for allp> g no member ofCP, , achieves higher total utility then the

members of GCP, we showed that none of these networks is efficigns left to show that for

Pq’
everyq the members oCR, , are not efficient. Actually, since the membersHER, , achieve the

highest total utility among the members 6F ,,

HCR, 4 are not efficient. The general architecture okéhaetworks is of a core including all type

it is left to show that for everg the members of

agents completely connected among themsetyggeb agents with single link to a tymeagent (the
"gate") andl-q isolated typeb agents. We will show that for evegythere is a non core periphery
architecture which yields higher total utility, naiy networks in which the typa agents form a star
around the gate while the typeagents do not change their linking scheme (afl-atehitecture). Note
that the utilities of the typb agents in both architectures are the same — detés have zero utility,
the non isolates have one direct link to a tgpagent and length two paths to all other non isodlat
agents (of both types). The utilities of the typagents from the connections with typegents are
also identical — the gate is connected directlgaoh of the type agents while the others have paths of
length two to each of them. Another unchanged camapbis the utilities from the links of the non gat
type a agents with the gate. Thus, the difference intytdomes from the benefits and costs of the
internal connections of the tymeagents who are not the gate. In the architectéirtheo HCR, ;'s

members the contribution to total utility from anoection of two non gate type a agents?_[izﬁm1 —C]

while the contribution to total utility from a coection of two non gate type a agents in the all-sta
architecture i5252W1 (k>=3). SinceC > (5 - 52)\N1 the total contribution of such a connection is
higher in the all-star architecture. Therefore, éoeryq the non core periphery all-star architecture
yields higher total utility than the members BICF, ,. Hence, we found that every core-periphery

network in which all the core agents are of tgpand all the periphery agents are of typbas a
network which has higher total utility. Thus, weosled that core-periphery network in which all the
core agents are of tyeand all the periphery agents are of tjyere not efficient.
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