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Abstract

The effect that investment lags have on the unicgytinvestment relationship is
studied by modifying the Bar-llan and Strange ()996del in a manner that enables
analytical solution. It turns out that: (i) If thiene lag is sufficiently small, uncertainty
affects investment negatively; (ii) A sufficientlsgrge time lag engenders an inverse
U-shape relationship between the degree of unogytaind the profit level that
triggers investment; (iii) When such an inverseHage exists, the higher is the length
of the time lag (or the degree of profit convexitly¢ wider is the range of a positive

uncertainty-investment relationship.
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I ntroduction

Under the classical conditions of competition, grefit of the firm is a convex
function of the output prickRelying on this convexity, Hartman (1972) has show
that output price uncertainty exerts a positivee@ffon investment. Specifically, he
has shown that a mean preserving spread in outjcgspincreases the expected
profitability of the investment. The rationale ungieng this increased profitability is
that due to this convexity the increase in prafitsresponding to a possible certain
increase in the price is larger than the decreageafits that would follow a decline
of the same size in the output price. Later, Bekraf1983), McDonald and Siegel
(1986), Dixit (1989) and others have shown thatpdesthis convexity uncertainty
affects investment negatively if the firm can chetise investment timing optimalfy.
In the most recent swing of this pendulum, Bar-lend Strange (1996) have shown
that introducing time-to-build (in the form of ame lag between the moment of
investment and the moment in which profits stadtsatcrue) into Dixit's (1989)
model enables a positive effect of uncertaintyrorestment.

The explanation to the result of Bar-llan and &g (1996) is that the
introduction of this time lag pulls the rug fromder Bernanke’s Bad News Principle
that underlies the negative effect uncertainty dasnvestment. According to this
principle, “Good News” regarding the investment arelevant to the investment
timing. Thus, increased uncertainty, which makes ‘tAad News” worse and the
“Good News” better, affects investment timing oniga the worsening of the “Bad

News”. The reason why “Good News” is irrelevanthie timing of investment is that

! The reason for thus convexity is that the higherpitiee the larger the quantity that the firm proefsic
Therefore, for a given increase in the output prike,higher the initial price the larger the adufitil
revenue - and profits - from selling the quanthmgttcorresponds to this higher price (An increase i
price also entails the production of more outputibtihe increase in price is sufficiently smaleththis
has a negligible effect on the profit since thegivaal profit of the optimizing firm is zero).

2 For detailed surveys of this literature see Pikdt®91) or Dixit and Pindyck (1994).



in the absence of time-to-build the proceeds attddio them can be collected the
minute they are realized and therefore are coliedieth in the case of early
investment and in the case when investment is postp until the arrival of these

“Good News”. Introducing time-to-build makes it iogsible for the firm to receive

the proceeds of “Good News” right from the minuteyt are realized and therefore
restores their relevancy to the investment timiagision.

Note that introducing an investment lag to the elad not sufficient for
uncertainty to have a positive effect on investmenless the profit is a convex
function of the output price. In Bar-llan and Sggan(1996), as in Dixit (1989), this
convexity is borne out by the option the firm hasbandon the investment, an option
that the firm exercises if the output price is midtly low.

Since Bar-llan and Strange’s (1996) model can d@ysolved numerically,
their analysis is limited to showing that for sopsgameter values uncertainty affects
investment positively. The purpose of the curretitle is to broaden our knowledge
of how time-to-build affects the uncertainty-invesint relationship beyond that. To
this end | use here a version of the Bar-llan atrdnge (1996) model modified as
follows. First, the exit option is deleted in order enable an analytical solution.
Second, in order to restore the convexity of thaipfunction in the output price, the
Bar-llan and Strange (1996) assumption that theymtion process generates a flow
of fixed quantity is replaced by the weaker assimnpthat the firm can vary its
output according to market conditions. These modiions lead to the analytical

derivation of the following results:



e For a sufficiently small time lag, uncertainty afffe investment negatively.

e A sufficiently large time lag leads to an inverseshhpe relation between
the degree of uncertainty and the profit level thggers investment.

e When such an inverse U-shape relation exists,ahgelr the time lag (or
the larger the degree of profit convexity) the witlee range of positive

uncertainty-investment relationship.

Although the focus of the current article is on thealitative connection
between uncertainty and investment, it is import@nemphasize that at least
since the seminal work of Kydland and Prescott 2)a8ne-to-build is widely
recognized as a quantitatively important featurethaf business cycle, with a
particular role in shaping investment decisions. particular, construction lags
cannot be left out of the study of the effect thatertainty has on irreversible
investment because, naturally, an investment tbatsca large irreversible sum
should also take an accordingly long time to butdllowing this rationale, Bar-
llan and Strange (1996, pages 610 and 619-620y lz@veral references to the
guantitative importance of time-to-build in induss such as the pharmaceutical,
power generation, aerospace, bulk chemicals aresffuildings industries.

The convexity of the profit function in the outpgurice is another building
block of this paper that enjoys a wide empiricapmurt for its quantitative
importance. There are several sources for thisedty like the existence of an
exit option or the use of production margins sustskiftwork or extra hours.A

third source for this profit convexity is the atylof the firm to vary the quantity it

3 Using shiftwork or extra-hours implies that prodontis increased without a fall in the marginal
productivity of labor. Reducing thus the concavwityproduction strengthens the convexity of the iprof
function in the output price. See Mayshar and Hal@®97) for a theoretical analysis and a survey of
the literature on the extensive use done by thesmguption margins.



produces in response to changes in market pricgssifplicity this is the sole
source for the profit convexity in the theoretioabdel analyzed in this article. Put
in terms of the elasticity of production with respéo labor - while in most
articles of the relevant literature the value a$ thlasticity is assumed to be zero,
here it is assumed to be strictly positive. Thisippee elasticity makes the profit a
convex function of the output price, where the éarthe elasticity the larger the
degree of profit convexity.

A large amount of empirical work shows that the duaction-labor
elasticity is rather large — sometimes even clasaurtity — implying a large
amount of profit convexity. Tables 3.2 and 3.3 in Hammermesh (1993), for
example, presents industry-level estimates ofelasticity based on a summery of
a large number of industry studies. The estimates adten close to unity,
implying a closeness to linear production and ttoeeeto infinitely large degree
of profit convexity in output price.

The article is organized as follows. Section 2 enés the model and its
analysis. Section 3 offers some concluding rem&ksne of the technical proofs

where relegated to an appendix.

2. The Mod€

Time in the model is continuous. Consider an indiyi lived, risk-neutral firm that

can enter a project in which it produces outpubediag to:

1) Q= AL”

* A production-labor elasticity not below 1 contradiwith decreasing marginal labor productivity.



Where Q; and L; are, respectively, the instantaneous output ahdrlaput of the
production process amiland« are constants satisfyifg>0 and &< o < 1° There is
no cost for adjusting the amount of labor the femploys®

By standard optimization, if the firm enters thejpct its instantaneous profit

(m), given the output pricé?() and the labor wage), satisfies:

(2) m = CR/

whereC andy are constants defined by:

Y ﬁ C = (Aajy(a’” —ay).

Note thaty> 1 since 0< « < 1. Also note that’'( #)>0, implying that the highew the
higher the convexity of in P. Finally note thaC > 0 sincey>1and 0< o < 1.

To enter the project the firm must incur the dost 0. A lag of lengtth > 0
exists between the time in which the firm pays ¢h&y cost and the time in which
the project becomes active, where the term “actime&ns that profits start to accrue.
The discount rate of the firm is denoted bpyAfter the firm enters the project it

cannot exit it.,p, k andx are constants. The uncertainty arises from theubyipce,

P;, which evolves exogenously over time accordintheorule:

*The case analyzed by Bar-llan and Strange (1996)Daxitl (1989) is that of fixed quantity, which
corresponds tex = 0.

® This is merely a simplifying assumption, as a vistdture has already established the importance of
labor adjustment costs to the analysis of the fewel behavior. See Hamermesh and Pfann (1996) for
an analysis and a survey.



(3) dPt = ,LlPtdt + O'PtdZ,

whereo > 0 anddz is the increment of a standard Wiener procesyroelated across
time and at any one instant satisfyif(gz) = 0 andE(dz’) = dt. This means tha®, is a
geometric Brownian Motion. By Itd’'s lemma and (2),is a geometric Brownian

motion too, with the constant parameters:

(4) pr=ylu+% (- 1)o? or= yo

Convergence of the firm’s expected net presentevedguires the assumption < p,

which means that- must satisfy:

(5) c<g=[2P7H

Thus constructed, the model closely resemblesnibéel solved by Bar-llan
and Strange (1996). The three differences betweesetmodels are: (i) Their model
contains an option to exit the project by payinfixad exit cost denoted by The no
exit case analyzed here corresponds to their aeabfsthe specific case whete
approaches infinity; (i) Their model contains @wl of a production cost with
constant magnitude that they denoteva3he model analyzed here corresponds with
the specific case in their model whewe= O; (iii) In their model the instantaneous
output is assumed constant at unity and therefurdrnstantaneous profit B — w.
Assumingw = O renders the profit flow in both modelB; {n theirs and= here) a

geometric Brownian Motion. Since the only propeofyP; relevant to their solution



procedure is its being a geometric Brownian Motibrg possible to use their analysis
in pages 612 — 615 by replaciiy # and o by 7, 4, and o,, respectively, and
assuming thatv = 0 and that approaches infinity. The results are that thenogti

policy is to enter once the profit process,reaches a certain threshold level denoted

by z!, and given by:

(6) = = (p-p, e "k

B
p-1
whereg is the positive root of the quadratic:
(7) Vzo-ﬁzﬂz + (uz - %Gﬂz)ﬂ' p=0

Applying the values of 0 and 1 f@rin this quadratic reveals that one of its
roots is negative and the othgy,exceeds unity. For brevity of notatiops, and 5

denote the first and second derivativeg@efith respect tar?.
2.1 With notimelag

In this sub-section no time lag between paying ¢émry cost and the start of

production exists, i.eh = 0. By (6), the entry threshold in that case is:

® = ook

" Equation (6) here is in fact equation (12) in Banland Strange (1996).



Differentiating with respect te-? yields:
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The following lemma presents some propertie§afo?, p, 7).

Lemma 1: f(x, o2, p, y) satisfies:
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Proof: in the appendix. O

Figure 1 below depictu, o2, p, 7) based of.emma 1.

fu,o%p,y)
f*(u, p,y) —
f*(u, p,y)
0 2
} 1, o

Figure 1: f(1, o, p, 7) as a function o&2,

The immediate corollary fronhemma 1 and (9) is thatzﬁ'*2 > 0 throughout the
O

relevant range ob. Thus, in the absence of a time lag uncertainfgcts entry

negatively, despite the “a-la Hartman” price contyegf the profit function.

2.2 With atimelag

Returning to the case of a time lag and it folldwsn (8) and (6) that:
(11) = et g,

where zy is the value of;zﬂ whenh = 0, as given by (8). Differentiatingﬂ with

respect tas? yields:
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where the second equality follows from (9) and (4).

h

The following two propositions show thaZtﬁ—g might be negative, provided
O

that z is convex inP, i.e., thaty > 1. They also show that the range of values dfn

h

67Z'H

which > < 0 is an increasing function &f and y, i.e., that a positive relation
oo

between entry and uncertainty becomes more likslythe investment lag or the

degree of convexity rise.

h
Proposition 1: If y=1 thenaﬂH2 > 0 throughout the relevant rangemf
oo

Proof: If =1 then, by part (c) dfemma 1, Lim f(y,az,p,y) = 0. Therefore, from

o—0

part (a) ofLemma 1 it follows thatf(x, o, p, ) > 0 for allo € (0, & ). Thus, by (12),

872,[',
Flesa

>0Qforalloce (0, 7). O

Note thaty has the value of unity whem is zero, implying by (1) that supply
is inelastic at the quantity. In that case the profit is not a convex functairthe
output price because increasing the output pricﬂwbyamount\ AP| or lowering the

output price by the samb4P| would, respectively, increase or decrease revenues
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and profits by the same amountAfl AP |. Thus, a mean preserving spread would
make the "bad news" worse and the "good news" bbjtehe same amount in this
case. Still, increased uncertainty has a negaffeeteon the propensity of the firm to
invest despite this symmetry. The reason for thahat only part of the "good news"
benefits, the part that cannot be collected becatiske time lag, is relevant to the

dilemma the firm has between entering immediatelgedaying entry until the "good

h

: . . 0 .
news" would arrive. Convexity, therefore, is mawodgatfor Lgto be negative.
oo

Under convexity a mean preserving spread in priceedainty makes the "good
news" better by more than it makes the "bad newss& and therefore might affect
investment positively if the time lags makes a isightly large part of the "good
news" relevant to the investment timing dilemmatbé firm. This requires a
sufficiently long time lag, as established by tbkofwing proposition 2.

For brevity, the following proposition makes usedlud definitions:

(13) h**(lu, 0 7) EZM W (1 . ) =2 f*(lu,p,y).
7y -1) 7y -1)

Proposition 2: If > 1 then:
(@) Ifh<h" (4, p, 7) thenzl} is increasing irs-? throughout the range (0, & ).
(b) If K™ (1, p, ) <h <h' (4 p, ) then 7} is an inverse U-shape function of
within the range (07 ).
(c) Ifh>h'(y, p, 7) then ﬂﬂ is decreasing i 2 throughout the range (0, & ).

(d) " (1, p, 7 h) is decreasing ih and iny.

11



Proof: follows directly from (12) andemma 1. M

Part (d) of this propositiomplies thato " (u, p, 7, h) = 0 whenh > h'(y, p, 7).

Figure 2 below shows ™ as a function of.

| h
W (u p. 7) h'(u, p. 7)

Figure 2: o as a function oh. The higher the investment lag, the lower the llefe
o2 from which z; decreases im2. The larger the convexity of the profit functian i
output prices more to the left the location of thisurve.

3. Concluding Remarks

In this article | have studied the effect of tinsekuild on the uncertainty-investment
relationship in a model when investment can beygelalt was shown that if the time
lag between the moment of investment and the momkah profits start to accrue is
sufficiently small then uncertainty affects investmh negatively, as the related
literature usually shows. However, when this tirag is sufficiently long, an inverse

U-shape relationship exits between uncertaintyianelstment.

12



A thorough analytical understanding of the effefttime-to-build on the
uncertainty-investment relationship should be hélpd future empirical work. As
this paper has shown, empirical models of investro@der uncertainty should not
analyze the effect of time-to-build in separatioonf other factors, but rather in

interaction with the qualitative nature of the uiamty-investment relationship.
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Appendix
A. Propertiesof g

Applying (4) in (7) yields thag is the positive root of:

(a.1) Vo B+ (- Yoo )B-p=0

Lemma 2: g satisfies the following:
@ p<o Voe(,oao)
(b) p">0 Voe(00)

(c) Lim =1

o0
_ P i us0
d) LimB=qmu
o—0
© f u<0
2
@ Lm p=- 0
00 A2;p-p-y ,U)
_ple=m) 0
M Lmp =4 28
-0 f u<0
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Proof: (c) and (d) follow directly from (a.1). By implicderivation of (a.1):

1,2p2 1
' 2
y?o?B+y—1yo?

where the second equality follows from (a.}j. < 0 follows from the first equality
for the case of 2> o2 and from the second equality for the caseok2?, taking

into account in both cases that 1. This proves (a).

Taken together, (a) and (d) imply thagif O theng < Based on (a.2):
T

2B -9p (1o’ + u—10°)- BB~V + ro°5-1)

(@.3) B’ = -
Z(yazﬂ + 1 —%0'2)2

(21p -2+ u-302)- plop-Lyo? + 2o+ u-1o?|yp-1)

-7 2(702ﬂ+u—%0'2)2

_ Bp=2Bu-2u+o”
=/ 2 2 )2
2(;/0 ﬂ+,u—%a )

where the second equality follows from (a.2) ane third equality follows from
tedious, yet straightforward, algebra k& O then all terms in numerator are positive

and therefores ” > 0. If 4 > 0 then the numerator depends negativelygoand

therefore, sincg < ﬁ, in that case:

YH
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P 2
or -2y —u-2u+o
4 ,u'u H 4,0—2,u-|-(72

(a.4) pr> - p >0

Z(yazﬂ—i-,u—%az)z - 2(7/(72[3+,u—%02)2

where the inequality follows from > 1, and fromg’ < 0. This proves (b). The proof
of (e) follows directly from (a.2) and from (c). &@hproof of (f) follows from the

second equality of (a.2) together with (d). O

B. Proof of lemma 1

Based on (4) and (10):

@s) Ao’ py) . p-Dp-pE-Y) S0

oo (B-1f p? Ap—u,)
where the inequality follows from parts (a) and @)lemma 2 together with the
results thafg > 1 andy > 1. Thus (a) is proved. The proof of (b) for theeafy > 0
stems from applying parts (f) and (d) lefnma 2 in (10). For the case qf < O the
proof of (b) is done by applying the second equaft(a.2) in (10). In order to prove

(c) it is useful to present (10) as:

- p-1
B F2-o5°

B-1

(a.6) fu, o, p. ) =

16



As o approaches both numerator and denominatorgf_il2 approach 0 sincg
O —O0

approaches 1. Using L'Hopital’s rule yields thattlat case both the numerator and

the denominator dfx, o2, p, 7) approach 0. Thus, by using L’Hdpital’s rule again

pp-p? ple7-o)(8-1)
2

oo

@7) Lim fu,02,p,7) = Lim

o0 o0 ,B'

Since both numerator and denominator of the se¢emd in the main numerator

approach zero, a repeated use of L'Hopital’'s rsllededed:

B p-p> pler-0?)-p+p
—2(52 —0'2)

2
(a.8) Lim f (1,02, p,7) = Lim — 2

oc—>C o—>C s

where the second equality is based on part (¢@mina 2, the third equality springs
from (a.3) together with part (e) &mma 2 and the inequality follows from the
assumption thab > 2u + . This proves (c).

To prove (d) first note by implicit derivation ¢d.1) that:

(a.9) 9Pb__B
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and therefore:

Applying (a.10) in a differentiation dfw, o2, p, 7), as captured by (10), with respect

to y yields after tedious, yet straightforward, simgiiions:

(a.11) ot lu,o? p.7) __F 2_(7—1)P+7(/72—%U)<0
4 y(6-1) 2Ap- )
where the inequality follows fromi’ < 0 and fromp > 1, > . 0
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