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Abstract
We analyze the interrelation between women's fifetilabor supply choices and the
dynamic macroeconomic environment. The analysisvshihat joining the labor force
late in life is chosen by women only in early s&géthe growth process when wages are
sufficiently low and growing sufficiently rapidly.ater, as the economy grows, this labor
profile vanishes and women choose to join the |dbiae either early in life or not at all,

depending on how skilled they are.
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1. Introduction

The empirical works of Smith and Ward (1989), Goldi989, 1990) and O’Neil and
Polachek (1993) distinguish between two stagesénexpansion of the women labor
force participation (henceforth: LFP) in the U.8ridg the past half century. In the initial
stage a large number of new entrants were marrmden past their child-bearing age
with low skills and little labor market experiendeter, in the second stage, the dominant
factor was the rise in the participation rates afiyger women. As the above mentioned
studies show, these dynamics of the compositidhefvomen's labor force are of crucial
importance in accounting for some of the more intgur aggregate level features of
women employment in the U.S. during that time, sashhe dynamics of the gender gap
in wages.

Motivated by that, in this article we study the eimelations between the
macroeconomic environment and women's choicedatiniie labor supply. We find that
a massive entry of women in a relatively late stafi¢heir lives into the labor force
occurs in periods in which wages are sufficientdw land grow sufficiently rapidly. In
such periods the rapid wage growth makes the wagesman faces when she is young
and when she is older sufficiently different fromecanother to induce a difference in her
LFP choices in those. In contrast, in periods incWwlwages grow sufficiently slow, the
similarity of the wages the woman faces in theedéht stages of her life makes her LFP
decisions in those stages similar to one another Wde also show how along the
economy's dynamic equilibrium path, periods of dapage growth appear before those
of the second type, leading thus to women LFP caitipa dynamics that fit the U.S.

pattern reported above.



Following the Mincer (1962) approach, we model ttfeP expansion as the
outcome of a gradual increase in the wages wontwn fdong this line, following Galor
and Weil (1996), we model this wage growth as tesult of gradual capital
accumulation. The individuals are organized in tagging generations where each
generation lives and works for two periods. Theneooy comprises three production
sectors: home production, a physical sector andodenm sector. At home and in the
physical sector labor is the sole input, while thedern sector production utilizes both
labor and capital. We refer to employment in thggotal and the modern sectors as labor
market participation. Men and women have the saistelzlitions of the abilities that are
relevant to the modern sector. The only differeassumed between women and men’s
abilities is that men have higher productivity ve tphysical sector. A key assumption in
the model is that by entering the labor force earlyfe, individuals acquire labor market
experience that increases their labor market ptodtyclater in life. Several simplifying
assumptions regarding productivity at home andhénphysical sector ensure that women
never choose to work in the physical sector and nexer choose home production.

Due to these assumptions, in the initial stageheféconomy’s growth, women
labor can follow three alternative dynamic laboofpes: The least able women work at
home in both their lives’ periods; abler women watkhome in the first period of their
life and in the modern sector in the second pettioel;ablest women work in the modern
sector in both periods. The “middle group” exists&use in this initial stage wages grow
rapidly, attracting women in their second periodlité to the modern sector. As the

wages growth decelerates, the middle group disappea



This paper is also related to a strand in theditge that explains the expansion in
female LFP via channels other than wage growthe@m@od, Seshadri and Yorukoglu
(2005) and Albanesi and Olivetti (2007) have dore using models in which
technological improvements in the production at Bopromote women's LFP. By
enabling the same production at home with more taethe labor market, the
technological improvements lower the alternativet@itached to LFP. Hazan and Maoz
(2002) argue that the erosion of the social cosv@ated with female LFP can generate
an Sshape dynamics in female LFP. Fernandez, Fogti, Qlivetti (2004) too focus on
such costs. They argue that growing up to a workmmgher reduces these costs and
generates thus an increase in female LFP. Fin&#ynandez (2007) and Fogli and
Veldkamp (2007) present models in which the c@stsociated with female LFP are
uncertain and a process of learning these coserggs ars-shape dynamics in female
LFP, similar to Hazan and Maoz (2002).

The article that comes closest to ours is that lofe@i (2006) who argues that
married women’s hours of market work increasediiggmtly in the U.S. during the past
few decadesnd that young married mothers are responsibléhfsrchange. She argues
that this happened in response to an increase iretbrn to experience.

The paper is organized as follows. In section 2pnesent the basic structure of
the model. In section 3 we analyze the individudbor supply decisions. In section 4
we analyze the equilibrium and the dynamics ofdbenomy portrayed by the model. In

section 5 we offer concluding remarks.



2. The Structure of the Economy

Consider a closed overlapping generations econona¢ bperates in a perfectly
competitive environment. Time is discrete and iidinin every period the economy

produces a single good that can be used for cortsumgr investment.

2.1 Production

Production can take place at home or in the mailKetre are two production sectors in
the market: the physical sector and the moderrosedtorking in the market, in either
sector, in life’s first period rewards the indivaluwith labor marketexperience that
increases her or his productivity in the marketpiction in life’s second period.

The marginal productivity of labor at home is tlmmstantH, regardless of gender
and experience. In contrast, the marginal proditgtiof labor in the physical sector
differs across the genderdn their life’s first period, the productivity of amj in the
physical sector equaly and the productivity of womgrin the physical equaB’, where
P and P’ are constants satisfyinB>P’. In life’s second period, each individugé
productivity in the physical sector is multipliey e which is a function of’s labor
market experience, as defined in the next subesecti

The production function in the modern sector is:

Qt = Kt ° Lt o (1)

WhereQ; is output,K; is the amount of capital arnd is the amount of efficiency units of



labor in this sector in periad

Markets are assumed to be competitive. Firms asenasd to be unable to charge
their young employees for the experience these ®mapbk acquire on the job. Hence the
labor demand of the firms is based merely on thegmal productivity of labor in the
production of goods. Due to these assumptions #gevwef one unit of efficiency labor in

periodt and the return to one unit of capital in periate respectively:

w, = 05K, %L, (2)
R = 05K, L% 3)
Thus:

R = ﬁ (4)
2.2 Individuals

In each perioda generation of measure 2 joins the economy wlnererieasures of the
women and the men in each generation are normalz&dAll individuals live and work
for two periods We assume that individuals’ preferences are défover consumption in

both periods of life.Since there is no distinction between market anthéeh@ood,

! The specific value of 0.5 in the exponent of tmedpction function is chosen to enable closed form
solution for the variables of the model.



maximization of utility is equivalent to maximizirtge net present value of earning¥e
assume that individuals cannot operate in more ¢in@nsector during a certain perfod.
Individuals differ in the amount of efficiency usithat they can supply to the
modern sector. Led be the amount of efficiency units that individjidlas in his or her
first life period.We assume~U[0,1] regardless gfs gender. In life’s second periods
amount of efficiency units iga where€ is a function of the labor market experietjce
acquired in’s life’s first period.The functione takes three values: # and é. It equals
1 if | has no market experiendeie to working at home ijis life’s first period, & if |
works in the same market sector in both periodgsofife or & if ] moves from one
marketsector to the other, whee>6>1. In order to focus efficiently on the dynamics
of the women'’s choice between working at home andking in the market sectors we
simplify the analysis of the choice between the tmarket sectors by assuming from now
on that&i=6=0.2 Finally, we assume th&>H, an assumption which assures that men do

not work at home.

3. Labor Supply

In this section we analyze the labor supply of eafcthe four groups of individuals that

existin the economy. We denote the number of groogembers that work in the modern
sector in period by x/, wherezis a group index satisfying={A, B, C, D} and A, B, C

andD represent the following groups:

2 This assumption is consistent with the heteroggraithe U.S. female labor force participation idgr
the past 50 years, as observed by Heckman andsWi®77) and Goldin (1989). "Heterogeneous
participation" means that a woman either partigipan the LFP full-time year round, or not at all.

3 Angrist (1990) shows a strommpact of labor market experience on lifetime eagsi



A - women in their life’s first period
B - women in their life’s second period
C - men in their life’s first period

D - men in their life’s second period.

In a similar way we denote the amount of efficienicyts of labor supplied to the
modern sector by members of grompy L;. The total number of efficiency units of

labor supplied to the modern sector in petigdtisfies therefore:

L= LM+ L2+ L+ 1P (5)

3.1 Men’s Labor Choice

In each period manj chooses to work in the modern sectoaify > P . Note that in that
cased 6P holds too and thusprefers the modern sector regardless of his epeei

We can define therefore an ability threshold fomndenoted bya,”, where ifa’ > a
thenj works in the modern sector, andaf <a' heworks in the physical sector. The

thresholda,’ satisfies:

‘ (6)

1 otherwise

Due to the uniform distribution a:



A
[

(7)

Z|vE|v
I\
=

Givenw;, the amount of efficiency units supplied to thed@m sectom periodt by men

born in period is:

2
e
1 1-(a’ M) TN
LC(w,) = Iada: (2t ) - > if w <1 (8)
ay
0 otherwise

andthe amount of efficiency units supplied to the modentasan periodt by men born

in periodt-1is:

L°(w) = 0 [ada= 6.5 (w,) ©
a1Y

3.2 The Labor Supply of Women in their Life’s Firiod

In contrast to men, the peridaccupational choice of a woman born in petiatpends
not only on current wagey;, but also owi.;.
As discussed in the introduction, this article focuses hmn dynamics of the

number of women who choose to work at home in thigislfirst period and join the



modern sector in their life's second period. To do ecengfficiently we take simplifying
assumptions which ensure that women either work at leone the modern sector, but
not in the physical sector. Specifically, we assumetfar purpose tha®’'=0.* Given this
assumption, each woman born in periodhas to choose in that period one of the

following dynamic labor profiles:

Profile 1: Home production in peridgdand in period+1.
Profile 2: Home production in perigdand work in the modern sector in peried.
Profile 3: Work in the modern sector in pertoahd home production in peri¢€l.

Profile 4: Work in the modern sector in perioahd in period+1.

We defineV' as the present value of earnings under each of risfdep i{1,2,3,4}.

Givenw, Wi andR..q, V' satisfies:

VicH4+ VZ=H + S
R(+1 R+l

V3:avx4+i V4:aw+%
+1 +1

We defineamn; as follows: all the women to whoe®amnprefer profilem to profile n,
wherem>n andm,ne{1,2,3,4}. For each of the possiblenf) combinationsamnis the

value ofa for which V"(a,w,w+1) = V"(@a,w,Wi+1). Thus, the different possibilities afin

“1f P’ = 0, then working in the modern sector, which yseddpositive income and an experience premium,
is always better than working in the physical sefdoeach woman in each period of her life.



are the following functions of; andw.1:

a. = a, H a H+ 4HV\It+l
21t 1t 0= 2
Wt+1 Vvt \M + 4aN(+l
(10)
H H
a'43,t = a42t =
W, Tw + 401w,

A threshold for the decision between profile 2 and 3innecessary because, as
the following proposition shows, no woman choosesilpr8fwhen wages are increasing

over time and no woman chooses profile 2 when wagesgecreasing over time.

Proposition 1:

(a) If w1>wW, working in her life’s first period in the market and her life’s second

period at home (profile 3) cannot be optimal for any woman

(b) If wia<wi, working in her life’s first period at home and in hee’sf second period in

the market (profile 2) cannot be optimal for any woman.

Proof: (a) Profile 3 is optimal for some women only/if exceeds/*, V? andV* for some
a. However, ifV®>V! for a certairg, thenaw>H, implying thatadw..1>H (sincew:1>w)

and therefore thar*>V? for thata. Thus, profile 3 cannot be optimal for any woman.

(b) For profile 2 to be optimal for some wom&fi,must exceed*, V¥ andV* for somea.

10



However, ifV>>V* for a certairg, thenaw,:>H, implying thataw>H (sincew>w.1) and

therefore thaV*>V? for thata. Thus, profile 2 cannot be optimal for any woman. [
Figure 1shows how thew, wi.1) plain can be divided to three distinct ranges and
the following Proposition 2determines the order of the relevant labor profilesstiolels

in each range. Those three ranges are as follows:

E

(e w): W< w, - 46 -Dw,*)
{w.w,)

F t’\Nt+l : \NH—l - 4(9 _1)\Nt+12 < \Nt < &NH—l}

G ={w,w..): B, <w .

Wit

w, =w,,; — 40 -w,,*

tel —

Figure 1: Dividing the (v, wi+1) plain to three distinct ranges using the lines, = -*

and w, = w; —4(0 - 1w,,".

11



Proposition 2:

() If (w,w,) € E thenay < asq <as

(b) If (W, W,,) € F thenas, < a1 < az1 andass < au1 < s

(©) If (w,w,,

€ G thenag; < as1 < aus,

Proof. The proof follows directly from (10). 0

Figure 2shows the distribution of labor profiles accordingabilities as follows
from proposition 2for the case whew<w1. Following Proposition 1 profile 3 is not
considered here. The figure refers to the caseawherthree thresholds are below unity.

As figure 2.ashows, when(w,,w, ,)E the most able women choose profile 4,

the least able women choose profile 1 and therealgee women that choose profile 2,
women whose abilities are between those of the wvaamehe other two groups.
Sticking with the case afi<wii, figure 2.bshows the distribution of the relevant

labor profiles according to abilities as followsiin proposition 2when (w,w;_,)eF. In

this case no woman chooses profile 2, only prdfignd 1 are chosen.

The rationale behind the result that profile 2 limsen only in rang& can be
explained by looking digure 1 As the figure illustrates, a paiw( wi+1) belongs to that
range ifw.1 is sufficiently abovem, yet not too much above i1 being sufficiently
abovew; is required to make some women take a differeatcehin each period: stay at
home in period and work in the market in peridétl. By doing so these women do not
enjoy the experience premium, a loss that is ptapwl tow..1. Thus, this behavior also
requires thatmv., is not too high, otherwise those women would prédework in the

market already in periodin order to acquire experience.

12



V1>V2 V1<V2 V1<V2 V:I'<V2
V1>V4 V1>V4 Vl<v4 V1<V4
VA VA Ve Va: V2> 4 Vi< v*
(1) is optimal | (2) is optimal (2) is optimal | (4) is optimal
> a
0 Aot a1t At
Figure 2.a: The order of the ability thresholds when<w;,, — 4(6 - 1w, ,*
visv? VENVE Visv? vicy?
Visv? VASVA Viv* viev?
V2> V4 VEIVa Vi< v4 VEVe
(1) is optimal | (1) is optimal (4) is optimal (4) is optimal
. a
0 Agt A1t A1t 1
Figure 2.b: The order of the ability thresholds whep, — 4(6 - 1w, ,,* <w, <w,,,

Summing up this analysis the following equationvesithe proportion of women

born in period who work in the modern sector in that period for tase wheni.; > w;:

A {1_ a42,t it w<w,, - 4(9_1)Wt+12 (11)

e 1_5411 if Wit

W,y — 40 -1,y < w <

wherea,, = min(amt ,1).

13



A similar analysis to the one taken for the caser&twages are increasing over
time yields that (assuming again that the relettangtsholds are below unity) when wages
are decreasing over time there are always women chibose profiles 1 and 4 and no
woman who chooses profile 2. Some women choosdefbut this occurs only if the
decrease in wages is sufficiently rapid. The wowdie choose profile 4 are more able
than those who choose profileaBd the women who choose profile 3 are more alale th
those who choose profile 1. For this case in whigtw:,, the proportion of women born

in periodt who work in the modern sector in that period is:

1-a,, if w,,<w <éw,
XtA _ ~4Lt - t+1 t t+1 (12)
1- Qa1 if W, > 6Wt+1
Combining both cases; < w1 andw: > W1, We get:
1- a42,t(Wt ’Wt+1) if W <Wia — 4(9 _1)\Nt+12
XA W) = 11 B (W W) T Wy — 4O -Dw,” <w <6,y (13)

1_531t(Wt’Wt+1) if Wy <W

One result that shall become important when thedyos of the economy will be

analyzed is that ifH >T(ﬁ5 then profile 2 is not chosen by any woman even if
(W, w,,)€E. The reason is that iff > 715 and (w,w,,)<E then 1 <u1 < au <aszand

no woman chooses to work in the market, as folltvars (10).

14



It follows from the analysis in this sub-sectioratthhe womerwho are born in

periodt and choose to work in the market are those whotiiesbsatisfy 1- x*<a< 1.

Based on the [0, 1] uniform distribution of abdési the amount of efficiency units of

labor supplied to the modern sector in petibg this group is therefore:

L[A (XIA) — jl‘ adaﬂ]';_xt/_\i (14)

A
1-x{

3.3The Labor Supply of Women in their Life’s Secondiée

As was established in section 3.2 there existddityathreshold, which we denote in this

sub-sectiorby a*,, such that in period-1 the young women with @<a*, work at
home while the young women witl, <a<1 work in the modern sector.

There are three possible cases. In the first a@e% < % and the women who

did not acquire experience in peribd, those with 0Og<a,, do not work in the market

in period t since for thema<% implying that awm<H. Women who did acquire

experience in periottl and their amount of efficiency units is in tlange at)fl<a<%

also do not work in the market since for thedw, < H . The only women born in period

t-1 who work in period are those WithaHT <a<l. Thus,x’=1- due to the uniform

H
a’vt )

1
distribution ofa. The period labor supply of these women in this casb[Bi& jada.
H

A,

15



In the second casefl-<a”, <. As in the previous case, those who stayed at

home in period-1, do so also in periodsince for thena<%. On the other hand, all the

t

women who did acquire experience in periddwork in the market in periot] since for

thema>a,and thereforea>%. Thus, in this casex’ = x*,. The period labor supply

of women born in periott1 in this case ik’ = HI;X ada.

In the third case,i<%<affl. As in the second case, all the women who did

acquire experience in peridel work in the market in periot for the same reason as in
the second case. In addition, some women born liogpé&l who worked at home in

period t-1 work in the market in period too. These women are the ones with

% <a<a,. The rest of the women who were born in petidchave worked at home in

that period. For them @K% and therefore they work at home in periotbo. The

periodt labor supply of women born in period. in this case ik’ = HI;X ada+ ﬁ‘x’l ada.

W

Using the relationx*;, =1-a/,, Equation(15) summarizes the analysis of this section by

showing L2 as a function ofwand x*;:

a—él(XtA—l)-i_ (1 XTI)Z (w[) if Xt/il < 1_%
t
LE(xw )= 1A, (x) i 1—% <X <1—% (15)
1- (1 f
0 (;”‘) if  x?, >1_%

16



4. Equilibrium and Dynamics

After the previous section has focused on the iddads' period labor decisions given
w; and w1, the current section analyzes the general equitibrdynamics of the
economy. We start with the dynamics of the phys@agital which, according to the

assumptions on individuals' behavior specifiechmprevious section, satisfies:

Koo (W, x*)= Lo, + Low, +(1— XA H + (1-xC P (16)

Note thatx” and LS are functions ofv by (7) and (8).L} is a function ofx” by (14).

Another stock that is created in peripdnd transferred to peridétl is the stock

of women that in periott1 would be in their life’s second period with magdesector

work experiencex*. In this section we show that given the initialued of these two

stocks, denoted by and x’;, a unique Perfect Foresight Equilibrium (PFE) &xi¥Ve

first define the PFE and then turn to its detertidmaand properties.

Definition 1: A PFE is a set of allocation{sg’*,xf,xc,x",Kt}zo and a set of prices
{w,R 7, that satisfy (2), (3), (5), (7), (8), (9), (13140, (15), (16) for all, where

t=0,...,0, given the initial stockko and x*;.

In the next section we show that the entire PR&btained if its subs t,x[A}:iO

is given. We therefore focus in the first part bistsection on the properties of this

17



subset. Specifically, we show th t,xtA) is a two-dimensional dynamical system

characterized by a unique steady state and a usaglsie path leading to it. We focus on

the case where the equilibrium dynamics are chaemaed by a monotonic movement
along this saddle and show that the initial sto&gsandx’, determine the exact course
that the economy takes along this saddle path. Sunige more technical parts of the

analysis of the properties of t t,x[A) system are relegated to two appendrces.

4.1 The Systenfw, x*)

In this sub-section we first show, usilegnma ] that if the subse t,)(f}:io of the PFE
is given then, the entire PFE can be obtainechérfdllowing two sub-sections, we show
that (VVM,X[’L) is uniquely determined t(wt,xt’*). This implies that(wt,xtA) is a two-

dimensional dynamic system that fully describesath@ution of the economy.

Lemma 1Given the sub-s t’XtA}:iO of the PFE, the entire PFE can be obtained.

Proof: Givenw, (7) yields x° and x”. Then, (8) and (9) yield; and LY. Givenw; and
x", we can obtairx® and L by (15). Givenx”* we can obtairl?* by (14). This yields.

by (5) and leads tK; by usingL: andw; in (2). Finally, applyingm in (4) yieldsR. 0

° Appendix B is available from authors. It contafosmal presentations and proofs of general properti
that can be noticed merdby applying specific parameter values in equatitias are already presented in
the article itself.

18



4.1.1 The function V\/Hl(vvt,xf)
The function wm(wt,&“) is based on the relation between these three Vesiabs

captured by (13). Focusing on the case where 0, substituting (10)nto (13) yields:

ST H1)4W 0w <w, - 40 -Dw,,’
t - t+1
H(1+ 4w, .
XtA =11- V\I(++4QNH12) if Weyq — 4(0 - 1)Wt+12 <W; < &N'Hl (17)
t t+1
1 it ow, <w,
W

Note thatx is continuous imt andw.. Differentiation of the first two lines of

ox A H
(17) shows thatm >0 and therefore that” >1- - for all Wi

t

H

Manipulating the first line in (17) yieldsw,, = ﬁ";—fy Applying this in

Wt<\Nt+l_4(9_1)Wt+12 shows that this case is relevant in the range

E= {(\Nt’xtA) W <t —4(9—1)(&)2}. Likewise, isolatingw1 in the second line of

_ S RO W)
(17) yields w,, = and the relevant range becomes

t 20

F= {(vvt,x[’*): - —4(9—1)(17“&;\)2 <w < lf;f} . In the third line of (17)wW>Wu1,

implying a rapid decline in wages over time. Natattin this range there is a set of
values ofw, rather than a single value, that corresponds goven pair. As shall be

shown laterw;>&w.1 cannot be part of the PFEquation (18) summarizes this analysis:

19



H
e WM

o) it (w.x)eE

W, (w, %)= (18)
HA HA 2 9 HA - _~
X +\/(1—>§ )2;' (1_>(t \M) it (\M’X[A)E E

It follows directly from (18), thata‘w <0 and% >0 inbothE andF .

[
? %

Figure 3: The division of the plair(vvt,xt‘\) to different ranges based mﬂ(vvt,xf\).

1-4(6-1)H |

Figure 3shows the division of the plai t,x{*) to different ranges based on the
function vvm(vvt,xf). The individuals' choices, captured by (13) eliatén equilibrium
below the x* :1—% line. By the definition ofE and F, these sets are distinguished by

the line formed by the pail(svt,x“) satisfying:

20



Alg o BO-DH (19)

T T160 1w,

By (19), the functiorb(w) returns two values ok" for each &Wt<ﬁﬁ' When

w; approaches 0 one of those values approachesd the other approaches B4(H.
This implies that ifH >ﬂﬁ then the entire rangé is located over negative values of
x* and that labor profile 2 therefore is not consistent \ithositive labor supply of
young women, a result that was already derived inse&t2. If H <ﬂel_—15 thenb(0)>0
implying that part of rangeE is located over positive values of* enabling the

equilibrium existence of profile 2. In section 4.1.4 it tlhal proven thab(w;) is above

the x* :1—%t line for eachw;>0 in the definition range dif(w)

4.1.2 The function xﬁl(wt , xtA)

In this section we presemt’), as a function ofx and x* and analyze some of the

properties of this function. We start by manipulating i(2)order to present.; as a

function ofwi.; andKw1 and therefore as the following functionxff andw:

Lt+l(XtA!VVt)= M

(20)
A, (w, )

While (20) shows the demand for labor, (5) shows ugps/ and combining the two

21



yields the period+1 labor market clearing condition. Note from (8) anytk@t L, and

LY, are functions ofw.; and therefore, through (18), af* andw. Equation (15) shows

® , as a function ok andw.1. Thus,L?, is the following function ofx”* andw:
+1 t+1

LA (W) = L (e, ) = L2 [y (g ) = L (v, )| L2, s (w x?)) (22)

Finally, by (21) and (14)x/}, can be shown as a function xf andw:

XWX = 1= 1= 2L0 (w, X7) (22)
In part A of the appendix we prove thaaxw >0 and W > 0.

4.1.3 The steady state of the syste t,xf\)

In this sub-section we show, using the followiAposition 3 that the(vvt,xtA) system

has a unique steady state equilibrium. Our focus ihercase where in the steady state
men too work in the modern sector and we shomraposition 3that there is a range of

parameter values satisfying that.

Proposition 3:There exist a range of parameter values for which:
(a) The dynamical syste(lwt : xtA) has a unique steady state point denote(jﬂb)‘(A).
(b) H<P<w

(c) wis increasing irH andP
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Proof: See parti{) of Appendix A. 0

4.1.4 Theww curve

Theww curve is defined as the set of pairs(M, xtA) for whichwg+1=w;. Theww curve
cannot be part of rangE because in that range <w,,, — 4(0 —1)w,,,>, which implies
W, <W,_,. Theww curve also cannot intersect with the = 1—% line since by (1B

W> 6w, along this line. Thus thew curve is restricted to ranglg. In that range the

possible women's labor profiles are either 1 or 4 aedefore x,*=1-a41;, implying by

(10) that alongvw.
x) =1-H iwtz (23)
W, + 460,

Straightforward differentiation of (23) shows that thvev curve is a concave

increasing line in the(wt,x“) plain. Theww curve is located above the* = 1—% line

since along th&vw curvew...=w; while along thextA: 1—% line Wt+1<% and the higher

W1 implies a higherx” by (13). Theww is also located to the right of théw) frontier

function. To see this, note that it is only necessaryptopareww to the upward sloping

part ofb(w), i.e., to show that:

H@+4w) 4 86 - H

Twraay)  1-1-160-1)w (24)
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And this simplifies t020 + 46°w, —1>0 which must hold sincé>1. As a by-product of
showing thatwvw is located to the right df(w;) and above the® :1—% line we deduce

thatb(w) is located to the left of the* :1—% line.Figure 4shows thevw curve.

1-4(6-1)H _|

Figure 4: Theww and thexx curves and the dynamics in t(\q , xtA) system

By the definition ofE, as long as(vvt,xf) is in that rangev increases over time.

In range F however,w increases over time i t,xf‘) is above thevw curve and vice

versa, due tea‘a% > 0. The horizontahrrows inFigure 4show these dynamics.

4.1.5 Thexx curve

The xx curve is defined as the set of all t(nq,&’*) pairs for whichx?,=x". In the

(vvt,xtA) plain this curve is an upward sloping line sinoglicit derivation of:
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X =2 (W, x*)=0, (25)

shows that along thex curve:

o (w, %)

dx? ow,
= — t >0 26
dw, oxfuw.x) )
ox

where the inequality follows frorﬁ% >0 and%m that are established in

part () of Appendix A. This curve is shown Figure 4

Sinceﬂﬂﬁ’—w >0, at points above thex curvex” falls over time and vice versa.
The verticalarrows inFigure 4show these dynamics.

The xx line can either be crossing the' axis (as inFigure 4 or thew; axis,
depending on parameter values. Nonetheless, even if it crossgsattie, then this cross
is to the left of théb(w;) line which hedges ranngy.6 This implies that at least part of

range E is undemxx. As the verticahrrows of motion irfFigure 4reveal, it is crucial for

enabling equilibrium dynamics in which labor profile 2 istpaEra convergence process

characterized by increasing and x".

® This result is formalized and proven in AppendixtHs also presented, for a particular set oapaeters,
in part (i) of Appendix A
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4.1.6 Dynamics in the syste t,xf‘)

The dynamics in th t,x[A) system are rather interesting. Although the arrows ofomot
in Figure 4 all point at the direction of the steady state point —sygem does not
display global convergence. In fact, convergence to the steadygatatecur only along
a unique upward sloping saddle path located in the lower-lefthendpper-right parts of

the four parts to which thew andxx curves divide the(vvt,xf) plain. Starting at a point

not along this saddle sets the economy on a path of divergenc€ahtdnd (22) yield

values of x* that are either above 1, below zero or belbw , values that are not

compatible with the economy's PFE.
The saddle path result is deduced by analyzing the properties efgenvalues of

the (vvt,x[A) system at the vicinity of its steady state. The analgaisied out in partiif)

of Appendix A, shows that the smallest among the two eideesaof this dynamical
system is smaller than -1, implying that convergence tetidy state can occur only
along a certain saddle path. It is also shown in that appendithtératcan be parameter
values for which the larger eigenvalue is a positive numberermban 1 andherefore
the convergence along the saddle path towards the steadis statrotonic. The dashed
line in Figure 4 shows the saddle path in such a case. Given other parameies tra
larger eigenvalue can be actually a negative number larger-thand therefore the

convergence along the saddle path to the steady state is osclllator

We now turn to the case where t(wq,&‘\) system is initially at a point in either

the lower-right part or the upper-left part of the fourtpanf the(vvt,xf‘) plain. In that

" See Galor (2007) for an analysis of how the eigkras determine the convergence manner.
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case, in the next period the system moves to a point in theathesf these two parts,
then back to the part it was initially at, and so Bigure 5shows this type of dynamics

and lemmas 2 and 3 in Appendix B formalize and prove it.

(W)
°

XX

Figure 5: Oscillatory dynamics in th t,xf‘) system

While moving discursively between the lower-right and the ugfeparts of the

(Wt,xtA) plain the changes, in absolute terms, in the values' afre becoming larger and
larger until eventually (21) and (22) yield values xf that are either larger than 1,
smaller than O or smaller thaln—%. This property of the(vvt,xtA) system is important

because it shows that being in either of these partsertain period cannot happen in

the economy's PEH his property is formalized and provenl@mma 4in Appendix B.

27



Starting at the lower-left or the upper-right parts of @\ﬁxf\) plain, but not on

the saddle path, the dynamical system leads to eitheowmr-tight or the upper-left
parts, and therefore to divergencexdfLemma 5in Appendix B formulates and proves
this for the case which is in the focus of this articlwhere the convergence along the

saddle is monotonic and not oscillatory.

4.2 Perfect Foresight Equilibrium

In this section we show how the initial stocKg,and x*, determine the dynamic
equilibrium path the economy takes. Specifically we showKband x’; determine the
period 0 values of(vvt,x[A) and therefore determine the values (wt,x{*) in all
subsequent periods too, as established in sections 4.1.1 and #.1hat,B, and x7,

also determine the values of all the elements of the PEtecfconomy for each period

wheret>0, as shown biemma 1

We start by showing hoW, and x”; constrain the values f/vo,x(f). Given Ko

and x7, the following condition, based on (2), (5), (8), (9), (14) &kf,(and describing

the period O labor market clearing, must hold in equilibrium:

LOA(x(f): Lo(Koywo)_ Lg (Wo' Xﬁ)_ Lg (Wo)_ Lc? (Wo) (27)

We define thexw curve as the collection of all tf(wo, x(f‘) pairs that satisfy (27),

0< x£'<1 andw>0, givenKg and x% . Thexw curve is a downward sloping line sincg
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is increasing inx, the labor demand,(K,,w,) is decreasing imp and L2,LS and
Ly are increasing imo. At wo=0 thexw is not well defined because, due to (2), the firms'
demand for labot,, is infinite while LS, LS and LY are 0. Thus, the value of' returned
by (27) approaches in that case, in contrast to the constraintxgf<1. Whenwg
approaches infinity the value of that clears (27) is negative because, facing the infinite

wage, the firms' want to employ no labor whilg, LS and L{ are at their maximal values

due to full participation in the modern sector. Thus,xiveurve is a downward sloping

line defined only over values af, in the range®, w'], wherew” andw" both have
strictly positive finite valuesx?' has the values of 1 and 0 at the points alongxthe
curve in whichwy equalsw” or w? respectivelyFigure 6shows thexw curve.

As described in section 4.1.6 our focus rests on the case whe{ve,tiq’é) system
is characterized by an upward sloping saddle path that leatts steady state with a
monotonic convergence &k and x* along this path. Since thav curve is a downward
sloping line that spans over all the possible valueg/oft crosses the saddle path at a
certain point, and only at that point. This point is the only poggilbdr a pair(wo,xg\)
that is consistent with the definition of the PFE.

The higher the economy's period O capital stdGk,the more to the right the
location of thexw curve, as follows from (2) and (27). Thus, an equilibrium @dding
which labor profile 2 exists at some periods is possible ibriy is sufficiently small so
that thexw curve crosses rangxzé, rather than located above it. In addition, the higher

the higher are the values of bethand x;'.
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Figure 6: Theww and thexx curves and the dynamics in t(mg , xf‘) system

The effect ofx”; on the location ofkw and therefore on the evolution of the
economy is opposite to that K§. As (15) and (27) show, the highgf, the more to the
left the location ofkw and the lower arep and x;'. The rationale underlying these results
is that, ceteris paribus, a larger quantity of physicpitabraises the demand for labor in
general and for young women labor in particular. On the other hamigherx’, implies

a larger amount of women in their life's second period waitiol market experience and
that would, ceteris paribus, increase the supply of labor andféhe lower wages,

crowding thus young women out of the labor market.

30



5. Concluding Remarks

In this paper we have studied the considerations underlying mswigoices of a lifetime
labor profile and have embedded the analysis within a dynanacroeconomic
framework. Our focus has been on the labor profile in whictomanm enters the labor
market only in a relatively late stage of her life withiditabor market experience after
avoiding the labor market in the earlier stage of her life. Mdve found that this labor
profile is chosen during the early stages of the growth probessuse then wages are
sufficiently low and grow sufficiently rapidly. Later, asges become higher and their
growth rate declingghis labor profile become less common until it completwalgishes.
This dynamic pattern fits the U.S. women LFP of the pastdeeades.

For simplicity, we have assumed that productivity at horseconstant.
Greenwood, Seshadri and Yorukoglu (2005) and Albanesi and Oli2&i7] have
shown that time-saving technological improvements in home production aia
important role in explaining female LFP dynamics in thet pgntury in the U.S.
Incorporating such progress in home production in our model requpacing the
assumption that individuals either works at home or in thekehan each period by the
assumption that in each period individuals optimally allocate gfaheir time to home
production and the rest to LFP. Such technological improvemeritsnme production

should have the same positive effect on individuals LFP decisian ancrease in wages.

31



Appendix A

(i) The signs of the derivatives oxﬁl(wt,x’*)

In this part of the appendix we show tr%:% <0 and %ﬁl >0. Since x/}, is positively

related to L), through (22), we do so by showing t X/}: <0 and %5»0 where

t

Ltﬁl(vvt,xt’*) is based on (21). The first term on the RHS of (21[)11§(V\/t,x[’*) and (20)
shows that it depends olnm(vvt,x{*). We start therefore by findings the derivatives of

Ke+1 with respect toc* andw:. Based on (16) and (14):

KW, x)
ox

= [1-x* M -H <0 (A1)
where the inequality follows fromx* >1-1 established by (13). For the partial
derivative ofK1 with respect tav; we return to (16) and look at two cases: First, based
on (7) and (8), ifw<P then bothx" and Ly are 0 and the derivative is equalltp and

therefore positive. To see that it is also positiverHP note that in that case, based on

(7), (8), (14) and (16):

Wt+(1— xtA)H + (EJP (A.2)

And therefore:
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aKt+1(Wt ' XtA) =1- (1_ XtA)Z P’ > 11— 1 — l =0 (A.3)

where the inequality springs fronrx @*<1 andw>P. We now turn to look dt.;. Based
on (20),Lw1 is decreasing ik sinceKq. is decreasing ik andw.q is increasing in
x”* as follows from (18)L.; is also increasing imv becauseKi. is increasing inw

while, as (18) showsy:. is decreasing im.

With these results about.; at hand we turn to (21) and deduce that whén
increased.?, falls becausey.; falls whileL?,, L7, and L, are all increasing. The latter
three increase because of their positive relatitth wi.; which increases ir*. L2,
increases also becaug® has an additional, direct, positive effect ora&,(15) shows. A

similar analysis shows that whanincreased.*, increases too.

(ii) Properties of the steady state - the proof giroposition 3

Since this proof deals with the steady state ofdbenomy, time indexes are omitted.
Initially in this proof we merely assume that trergameter values are such tiatP and
some men work therefore in the modern sector. [ater show that such parameter

values indeed exist. In the steady state, smceconstant over time, only profiles 1 and

4 are chosen by women implying thaf = x®> =1-a,,. The men supply labor to the
modern sector according t§ = x” =1—£ . Using (50, (8), (9) and (10) we can calculate

the steady state amount of labor supplied to theemosector:
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2 —\2
@) e o)
L=(1+6)—"2 +(1+0)—) = (1+0)1- i A4
@+ 6)— =+ 1+ o)—8 = 1+ = (A4)
2
Applying x* =1-a,,, L* = 1_%, (7), (8) and (10) in (16) and simplifying, yielthsat
the stock of physical capital in the steady statesfes:
2W2 + P2 + 2"'12(14;%”7) _HEQ+ 4V_V2)2
K- + A (1+ 46w) (AS5)
2w
Applying (A.4) and (A.5) in (20) and simplifying as:
121+ 0)0°W° + 320(2+ O)WW* — 80— 1+ 89°P*(1+ 0) + 8(1+ O)H * [
(A.6)

— 21+ 80(2+30)P + 8(1+ 40)H > Jw? — 41+ 30)P* + H2Jw— P>~ H2 =0

Define the functiorg(w, 6, H, P) as the LHS of this equation with replacingw . This

function is a polynomial of the form:

aw, 6, H, P) = oW’ +a W' + oW’ + a,W* + a,W+ a,

whereap<0 andas>0. Thus,g(0, 6, H, P) < 0 andLim g(w,e, H, P)= o which ensures,

W—>00
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by continuity, the existence of a positive root to thisagigm. According to Descartes’

rule of sign, this is the only positive root, becausens > 0 while as, ap, o, 0<0. 0O

Figure 7 showsg(w, 6, H, P) as a function ofv. As the figure showsy,>0. In
addition it also follows from implicit derivation of (A.@hatgy<0 and thagg<O for all
values ofw. This implies, by implicit derivations of (A.6), th& is positively affected

by the magnitudes d¢f andP.

gw,8,P,H)

Figure 7: The functiong(w, 6, H, P).

Throughout the proof gbroposition 3it was assumed that parameter values are
such thatP<w and that therefore at least some men work in the masksrtor. To see
that indeed a range of such parameter values existge nibiat, when evaluated at

H=P=0, (A.6) becomes:
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1281+ 60)9°W° +320(2+ O)w? -8 -1w-2=0 (A7)

which has a single positive root ‘%h) due to Descartes’ rule of sign. Combining this

result withH andP positively affectingw , ensures that there exist a range of sufficiently

small positive values dfl andP for which (A.6) yields a value oiv that exceedB.

(iii) Properties of the saddle path
The stability of the(vvt,xf‘) dynamical system is determined by the values of its two

eigenvalues which are the two roots of the following ottarestic equation:

#—(e,+6)1+6,£,-6£,=0 (A.8)

. A A A A
whereey, e, €1 andey;, respectively denote the values%?%xvtﬁ'—‘), 5“‘*16(\“&" ), a””l(,j(xvtf'x* )

and Mafv“:—xﬂ in the steady state. We start the analysis by showinghiaamaller root of

this equation is below -1. This implies that convergemocthe steady state is not global
and can only occur along a saddle path. Standargsanalf the function on the LHS of

(A.8) shows that at its minimum point its value is:

2
_(%2491]) e <

where the inequality follows frorf} £,,>0 which follow fromﬁav,:’i) >0, as established
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in part {) of this appendix, and fronﬁ%xvlﬁ'—xﬂ >0, that follows from (18). The result that

the minimum of the LHS of (A.8) is negative implies that8) indeed has two roots. To
establish that the smaller of these two roots is smilkan -1, we apply (7) and (8) in

(16) and then apply (8), (9), (16), (20) dtid =4 (that holds in the steady state) in

(21) and simplify. This yields:

A p? A W 2
(L= XA H +—— + L+ 2 4+ 2(1+ O)P
A A 2w, 2 A 1+6
L2 (w, X = — A= (A.9)
aw (X
From (14) it follows that% =1-x" and therefore:
A A
8Lt+1(V\£’ % ): B— (1_ XtA)g (A.10)
X/
where:
. 1+46
[( X )VV H]4 t+1 —OoW,y ox; tA1 KI—HH‘ A+]4Wt+1 }
B= (A.11)

16\N{+1

The term in the left square brackets is based of)(Aote thaB<0 since% >0

and sincex” > 1—%. Based oB<0 and on (14):
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o xt) o lw, ) ol w,xt) _ 1 a1 1o
or ahwod)  o¢ 1—x§1[B b-xtp] < 0 A2

Noting that in the steady stai€ = x, yields thate;;<-6<-1.

e11<-1 ande,»<0, which follows from (18), help showing that thmmaller root of
(A.8) is below -1. We do so by looking at two difat cases. First, #,<-1, then the
smaller root of this equation is below -1 becalmeduadratic at the LHS of (A.8) has a

minimum at2:72 < -1 sinceey;<-1 too, as established above. Looking now at deec

where -Xe;,<0 we define the LHS of (A.8) as the functiiga) and evaluate it at -1:

i(1)=1+e,+e)+HeL—a L) = (1+e,fl+e)-e£,<0 (A.13)

where the inequality follows from<-1, e,>-1 ande;,, €,:>0. Finding that (-1)<0
yields that in that case too the smaller root aBjAs below -1.
In order to find the exact values of the two eigdues the formulas faa,, e

andey; should be obtained too. A similar procedure todhe that led to (A.8) yields:

1 P? A oA 140
—— -8we,| L"+AL" +———
_2 2w e”( 2 j

€12 AlL- x* W

(A.14)

where time indexes are removed because it is dystate. The steady state is in range

F and therefore,; ande,, are based on differentiating the second row of, ({ielding:
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a\NHl — _(1_ XA)

= A.15
®2% o, 8ol x*Jw—4aH (A.15)
and:
o= M H(L+ 4w) (A.16)

A

o' 80— x*fw-4H

Finding the steady state value wfby (A.6) and applying it in (13) yields the
steady stat&” and enables calculatireg,, €12, &1 andey, and therefore finding the actual
eigenvalues of th t,xtA) system. For example, the set50.015,P=0.025,6=1.3) leads
to a steady state wage @f=0.1157and to a value of 0.454 for the larger eigenvalue,
which implies a monotonic convergence along thedleagath towards the economy's
steady state. Other important features of the dycsthe model wishes to generate exist

too under this parameter set. First, note tWwat P > H and note also thaH <7(ﬁ5’

which implies that the upper part of ran§e is indeed located over positive values of
x”. Numerically solving (21) shows that under theseameter valuesx crosses the
horizontal line atw=0.007125, which is inside rang?é (a result shown in general in
Appendix B) since by (191(0.0147)=0. Under these parameters the Saddlepaattes
through rangeE, as it is numerically found to start at£0.008907036x" = 0).

Different parameter values lead to different dyr@niThe setH=0.5, P=0.6,
#=1.3) leads to steady state wagevot 0.621 and to a value of -0.00r the larger

eigenvalue. This means that the movement of thexauy along its saddle path is

39



oscillatory, where the oscillations from one side¢he steady state point to the other are

becoming smaller and smaller. In this case oncenaga>P>H and H <;7.
Numerically solving (21) shows that under theseapeater valuegx crosses the vertical

line at x*=0.0875, which is inside rang:e since by (19)b(0)=0.4.
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