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Abstract

A typical model of investment under uncertainty weh&rms incur an irreversible
cost in order to produce is studied with a noveluon the reciever of this cost ("the
source"). The source is modeled as a firm or a gorent that sells a resource or a
right that are necessary for the production offthal good. We study in detail how
the source sets its resource's price. We findtthatprice is a decreasing function of
the elasticity of the demand for the final good. ®so find that when this demand is
sufficiently low, the source does not lower itscpriaccordingly, and the producers of
the final good delay their purchases of the resauiite reason is that the source
expects demand to be higher in the future and doewant to be committed then to a

low price for its resource.
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1. Introduction

The literature on investment under uncertaintydgfty deals with the case of a firm
that has to incur an irreversible cost in ordebacable to produce. This article looks
at the part of this setting that has not yet beaelyaed — the receiver of the cost. We
construct a model in which the resounfdeis necessary for the production of the
durable goodX. The producers oK face the typical investment under uncertainty
problem studied in the literature, as the costawheunit ofN is an irreversible cost
from their point of view. The sellers ®f face a problem not yet studied — at what
level should they set the cost Bf The dilemma is not just about the trade-off
between "selling more but for a lower price" veelliag less but for a higher price".
In fact, setting a sufficiently large price for thessource would lead to a period of no
sales at all, until the demand f&rsufficiently rises to make the producers want to
purchaseéN and start produciny.

For simplicity, we assume thhltis sold by a monopolist, named "the source"
henceforth. Two cases are studied: In the firstectiee source is interested in
maximizing the value of its sales and in the seccaskE the source is a government
interested in welfare. The case of a governmerdfiparticular relevancy to this
setting because the government is indeed a maller ¢ resources such as land,
broadcasting frequencies and all sorts of franshi¥®e assume in the case of a
government that it is using its income from theesabf N to finance its welfare
enhancing activities in other markets sufferingrfréailures. We show in the article
that since it also cares about the welfare inthearket, the government selsat a
lower cost compared to the case wheris sold by a firm that maximizes the value of

its the profits from its sales.



A key assumption in the model is that the sousets the price for the resource
N in a once-and-for-all decision. Qualitativelyjstonly a simplifying assumption as
the forces in action here are the same ones thaadive in the more realistic case
where the source can change the price it chargeésides not do so continuously due
to physical constraints or menu costs. The mairliaafion of the inability to change
the price ofN smoothly is that it is possible that a fall in themand foX would send
the producers aX into a period in which they prefer to delay thairchases ol and
production ofX. Even more interestingly, it might be the casd tha source itself,
sets the price dN at a level that is sufficiently high to make thegoroducers delay
their purchases dfl. The source thus gives up on revenues from imnediaes in
order to acquire larger amounts in the future wtiendemand foK rises and th&
producers start to purchase the resotirae order to produce mobe

Another important assumption in the model is tthe source charges the
producers ofX not just for their purchases bf but also for a share of the stream of
profits they make by selling thé¢ that they produce from this. This assumption fits
the case of a government very well, as the goventrtexes firms' profits. Such
contracts exist nonetheless in the private sectavell. This assumption strengthens
the role that the elasticity of the demandXagplays in setting the price &f. Thus for
example, if the demand is sufficiently inelastie source would opt to avoid lowered
tax revenues by preventing any increase in the tguyain the X market, setting
therefore an infinite price for the resoufde At the other end of the scale, if demand
is sufficiently elastic, the source would promatereased quantity in thée market by

setting a negative price for the resour;e.e., subsidizing it.

! SinceX is a durable good, salesMfimply additions to the already existing quantitythieX market.



The X market in this article is the same market studied.eahy (1993). This
is true although the current paper introduces a@logenous determination of the cost
of the resource that th& producers must buy to produce. This endogenous
determination concerns only the source firm and Xh@roducers in the model
analyzed here take the cost of the resource as @it the same as the producers in
Leahy's model do. Since it is the same model hallrelevant results already proven
by Leahy are used here without re-proving them.

The article is organized as follows. In sectioth@ model is presented and the
value of the source is analyzed. In section 3 thece's choice of the cost Nfand
the resulting immediate market situation - salegaction - is analyzed for the case
where the source maximizes the value of the rev@nuextracts from sellingl and
taxing theX market. In section 4 the same choice is analytrésifime for the case of
a government that wishes to extract revenues freXtmarket, but also cares about

the welfare in it. Section 5 offers some concludiagparks.

2. The Mod€

Consider the market for goo€l Production o requires the resourd¢ The seller of

N is a monopoly that fixes the prigger each unit oN. In addition, in each point in
time theX producers have to pay the fractioaf their instantaneous revenues to the
seller ofN. We assume that théproducers can buM any time they choose and that
when such a firm purchasé$ it must transform it toX immediately. All theX
producers are risk-neutral and have the same ptioduprocess: a unit oN is
transformed to a unit of at the costw, i.e.,the production function of firmis Q; <

Ni, whereQ; is firm i’'s output and\; is the amount oN that firmi has. Thus, the



supply of goodX is Q = N, whereQ is the aggregate amount of gaddupplied in the

market andN = >N, .

i=1

The demand foK is given by:

whereP is the price ofX. A is a geometric Brownian motion that the followinge

describes its dynamics:

(2)  dA=uAdt+ oAdZ,

whereZ is the standard Wiener process satisfying:

(3) E@2=0, E[(d27=1,

u and o are constants ansl> 0. By Itdé’s lemma and (1), whe@ is unchanged the

evolution ofP is governed by:

4)  dP=uPdt+ oPdZ,

which means tha® is also a geometric Brownian motion. By I1t6’s lemyrwvhenQ is
unchanged the after-tax pricé:(l—t)P, is also a geometric Brownian motion,

evolving according to:



(4)  dP = uPdt+ oPdz

We denote the discount rate relevant toXhgroducers and to the source firm by

Following Dixit (1989) we assume that> 1, an assumption that makes the expected

rate of growth of P, the instantaneous profit, smaller than the distouate,
preventing thus the value of the firms that prodkdeom going to infinity.

Under this modeling, th&X market is the same market studied by Leahy

(1993). As Leahy (1993) shows, under this setupetie a threshold pricel? , that
characterizes the optimal policy of each sinyleproducer: whenP < 5H the X

producer does nothing, whep hits I5H the X producer buys somd and produces
more X from it. This optimal policy is the same for dlletX producers since they are

identical. Firms’ purchases of increase the supply of and preven115H from rising

above I5H . As Leahy (1993) shows, the valueléf is?

(5) B, = ﬂi_l(r — u)k+w),

whereg is the positive root of the quadratic:

*Throughout most of the article, Leahy (1993) studiesore general case then the one presented here.
In page 1119, though, the analysis takes sevesahgstions that make it the same as the model in the
current article. The second equation in that pageguation (5) of the current article. Some notetio

differences should be mentioned: the instantangoaft is denoted by5 here and byP there; the
investment threshold is denoted hereRy and byP there; the irreversible cost of producing a unit is

denoted byk in Leahy (1993) while under the notations here miakle + w; the positive root of
equation (5) here is denoted by Leahyxad\ll the other relevant notations are identical.



(6) Vo?Y? + (u - Yoo?)Y - 1 = 0.

Applying Y = 0 and therY = 1 and using the assumption that ; shows that
one root of this quadratic (denotedl is negative and the other one, denofd

exceeds unity.

Dividing by 1 —t, yields the corresponding level of the pre-taxeP:
© pH:i-;f.(mW),

Given the initial values oA and Q the source firm sets a value bfthat
maximizes its expected present value. We now stinely\wo possible cases. We start
with the case where this valuelofs sufficiently high to make th¥ producers delay
their purchases df, i.e., the case whe®Q“ < Py(K). Applying (7) inA/Q” < Py, in

this case the source chooses a valdeiothe range:

L (B-1a-9A
® <

Next we analyze the case where the source firmasetdue ok that is in the
range-w < k < k. This choice leads t&VQ“ > Py(k) and therefore provokes
immediate purchases bfby theX producers, purchases that incre@sentil A/Q“ =

Pu(K).



2.1 Delaying purchases of N
In this case, th&X producers delay their purchases\dbecause the source sets a value
of k that makes the market priBe= A/Q“ smaller than the threshoRj,.

Let V(A, Q, k) denote the value of the source firm in the radeined by (8)

given the current levels éfandQ and given a value & By It6’'s lemma,

9) dMA, Q k) = V(A QKA +1V,,(AQ.K)o>A?] dt+V,(AQ k)oAdZ
and due to (3):

E[dV(A QK]

(10) a

= V,(AQK)uA+1V,,(AQK)s* A

(10) Captures the source's expected capital gartathe change iA over time. The
no-arbitrage condition implies that this expecteapial gain, together with the
instantanous revenue from taxing tkenarket, should equal the normal return to the

source firm's value. This implies:

E[dV(A QK]

(11) p

+tPQ =1V(A Q K)

Applying (10) and (1) in (11) and rearanging yields

(12) V,(AQK)uA+1V,,(AQk)o*A- IV(A, Q, k) + tQ—A;Q =0



(12) is a second-order non-homogenous differeetjaktion. Trying a solution of the
form V(A, Q, k) = C(Q, K)A” to its homogenous part yields the quadratic capitimy
(6). Recal that the two roots of this quadraticddaty < 0 andg> 1.

We now turn to finding a particular solution for2j1 Trying a solution of the

form V(A, Q, k) =L(Q, K)A yields:

th—O{

r—u

(13) L(Q. k) =

Combining the solution to the homogenous part &) @nd the particular solution to

(12) yields:
(14) V(A, Q, K) = H(Q, A’ + B(Q, K)A® + g
—u

where H(Q, k) and B(Q, k) will be determined now using two benchmark

requirements. To that end, notice that by the stahgdroperties of Brownian motions:

(15) Eﬁe“AQ“dt} _AQ™

r—u

Thus, the last addendum in the RHS of (14) is #peeted value of tax revenues in
the case tha@Q never changes, given on the initial levels/ffand Q. The two
addendums preceding it therefore in the RHS of ¢Bfture therefore the value of

future sales o that occur each tim& is sufficiently high that the price of hits the



investment threshol&®y. However, ifA is close to O then the probability 8f ever
rising that high is zero too. In that case thereftire source's value is merely the

expected value of the tax revenues, the currenitgqyaQ, generates. Formally:

Ql—a
r —

(16) LimV(AQ,k) =
A—0 U

Sinceyis negative, (16) implies thai(Q, k) = 0.

We now turn to the determination &(Q, k). As appendix A shows, the
condition for a no-arbitrage evaluation of the se(s value in the time instants when

there are changes @ i.e., whenA/Q” = Py, is:
(17) Vo(A, Q k) = .

Thus, by (14), (17) and(Q, k) = 0:

Q-ajAQ™ _

(18) Bo(Q, KA’ +
r—u

Applying A/Q” = Py in (18) and rearranging it yields:

(1_ a)tPH +k

: _ r—u
(18) BlQu K= - — o

Straightforward integration d@o(Q, k) leads to:

10



(1_ a)tPH +k

9 K=——H C
(19) B(Q, k) @F 1007 R +

Applying (7) in (19) and simplifying yields:

Q-a)pw+(f-1-atp+tk c

(19) B(Q. 0 = A ep— D0 R?

As Q goes to infinityP goes to 0 and the probability &f ever reachingPy
goes to zero too. This implies that the source fsmot going to sell ani in the

future and its value should therefore spring mefelgn the future tax revenues, i.e.:

(20) Limo_..B(Q, k) = 0.

This benchmark dictates a distinction between tases based on the valuecofWe
start with a case in whick < 1/4. In that caseQ in the denominator at the first term
at the RHS of (19') is raised by a positive powsd as it goes to infinity the entire
term goes to infinity as well. This, taken togetthh (20), implies thaC is infinitely
large, and therefore thB(Q, k) andV(A, Q, k) also are infinitely large for each finite
level of Q, a case that is not at the focus of this article.

The economic logic underlying the infinite valuktbe source value in this
case is based on the relation betweeand the elasticity of demand which isal/
The smallera, the larger the demand elasticity and therefoeddiger the increase in

Q each time thaP hits P4. Thus, the smallet, the faster the process of sales of the

11



resourceN and the less heavily discounted are its revenueaddition, the larger
elasticity due to a smallex also makes the tax revenues increase by mof@ ias
enlarged. The two positive effects of a smatler faster sales oN and greater tax
revenues - drive the value of future saledlabd infinity, wheng is sufficiently small,
namely - below 18 . Since this case is not in the focus of thischatithe rest of the
article refers to the case where> 1/5.

Returning to (19’) and (20), now witty > 1/3, the first term at the RHS of
(19") now goes to zero &3 goes to infinity, implying tha€ = 0. Applying (7),C=0,

(19’) andH(Q, k) = 0 in (14) yields:

(21) V(A QK = pB-1-aft+t)k+(1-a)fw  tAQ™
- (k+w)’ (r—u)’

where:

(p-y -y

22 D=
) (@07~} Q™

andD > 0. The followingProposition 1shows some of the properties\qf, Q, k).

Proposition 1

(@) If a> (51 +1)/ft= o thanVi(A Q, k) > 0 throughout the rande-w.

(b) If a<c’ than there exists a single valuekpflenoted,, that maximize®/(A, Q, k).

(c) k1 is in the range wher€(A, Q, k) represents the source firm’s value (the range

k>K) iff A/Q“is sufficiently small.

12



Proof By (21):

@3 V(aQK) =D (p—1) A=A+ [lep 1k (5 Dk +w)

(k +w)*

If a>a then the term(ef -1t —(f -1) is positive in the rangk > -w and
therefore so i¥(A, Q, k). This completes the proof of part (a).

If @ <a then(af—1t—(B-1) is negative in the rande> -w implying that
in that rangeVi(A, Q, K) is positive for sufficiently small values &fand vice verse.

Thus, in this case there is a single value lothat maximizesV(A, Q, k). This

completes the proof of part (b). Solvilg(A, Q, k) = 0 yields that this value satisfies:

L a-feaks
@ ryeae T

Applying (24) in (8) shows tha; is in the rangé > k', in which V(A, Q, k)

represents the source firm’s value, iff the folilegvcondition holds:

A BA(r = pw )
(25) Q“  (B-17-t)+A-aks(p-1) o

This proves part (c). O

13



(25) implies that the source firm will set a valfek that is sufficiently large
to make theX producers delay their purcha$eéd the current demand at temarket
Is sufficiently low.

From continuity it follows, by applying (7) in2}, that atA/Q” = Py:

(26) V(A QK = k[(lzlti)g?f f)aﬂN Q.

2. Provoking immediate purchases of N
The X producers immediately purchaliewhen the market pricd? = A/IQ% exceeds

the thresholdPy. Applying (7) inA/Q* > Py, this range becomes:

(27) k < w‘—w;k*.
Br - 1)Q°

In this range immediate investment increadse Q; so that the price after the

investment is done B=A/Q,“=Py. The source firm receives from this increas®in
(28) k(Q:-Q) =k [—j -Ql.

Let G(A, Q, k) denote the value of the source firm in the rasg®ned by (27)
given the current levels ¢k and Q and also for a given value &f Equation (29)

below showsG(A, Q, k) as the sum of two factors: First, the immediatecpeds

14



described by (28); Second, the value of the solimreafter the quantity immediately

become%),, as described by (26).

_vin Ay, Kl@-t)+tap]+tapw
(29) GA QK =k(Q-Q)+ -0ap-1

Qi
which can be simplified to:

(29) G(A Q.K) = -kQ+ aﬁ%q-

Applying Q: = (A/Py)Y“ and (7) in (29") yields:

1

(30) G(A Q,k) = CA” f(k)-kQ.
where:
(31.a) C= (1_t)%1(ﬂ _1)é >0,

(p-1p " (r - u)e

K + wt
-

(K+W)a

(31.b) fK) = &

The followingProposition 2shows some important propertiesG{A, Q, k)

15



Proposition 2

(a) There exists a single valuelathat bringsG(A, Q, k) to a maximum;
(b) This value ok, denoted b, is an increasing concave functionfsQ;
(c) ko is in the rangé <k, the range in whiclB(A, Q, k) represents the source firm’s

value, iff @ < & andA/IQ* > P’

Proof In the appendix. 0

3. Theoptimal k when the source firm ismaximizing its sales value

Based on the analysis in the previous sectionsdhbece firm's value as a function of

A, Q andk can be defined and denoted by:

G(AQk) if ~w<k<k'(AQ)
(32) VG(A Q,k)=

V(A,Q,k) otherwise

Three cases should be analyzed now: The case where ; The case where

a<a andANQ”<P'; The case where < o andA/Q* >F'.

3.1. Whena > o

In this casek, > K for each value oA/Q* as part (c) oProposition 2shows.
Thus, in the rang& < k the source firm’'s value, represented B(A, Q, k), is
increasing irk. From part (a) oProposition 1it follows that also in the rande> k

the source firm’'s value, now represented\g, Q, k), is increasing irk. Note that

16



V(A Q, K) = G(A, Q, K) as follows from applying (8) in (21) and then(80). Thus
in that case the source firm's val\W&(A, Q, k), is an increasing function &fand it is
optimal for the source firm to push the valuekdb infinity. The economic logic in
action here is that whamis sufficiently large demand is sufficiently insle to make
it optimal for the source firm to prevent increagequantity in order to keep tax
revenues from falling. Note from (21) that in thaase VG(A, Q, k) approaches

tAQ"™ /(r — 1), which is the expected value of the tax collectimhen Q is fixed

over time at its current level.

3.2. Whenz < o andA/Q* <P’

In this casé, >k as follows from part (c) dProposition 2 Thus, in the range
k <K the source firm’s value, represented®W, Q, k), is increasing itk. From parts
(b) and (c) ofProposition 1it follows that in the rangk > k' the source firm’s value,
now represented bY(A, Q, k), reaches a maximum ki= k;. Thus, sinc&/(A, Q, K)
= G(A, Q, k), the source firm's valud/G(A, Q, k), reaches its maximum k= k;.

The line marked with circles ifigure 1 below present¥G(A, Q, K) in that

case. The thin line show&A, Q, k) and the thick line showS(A, Q, k).

17



G(A,Q, k)

V(A, Q. k)

-/

|
-W 0 k* k2 k1

Figure 1: The source firm’s valu&/G(A, Q, k), whena < o andA/Q”< P". The Thick line
showsV(A, Q, k), the thin line show&(A, Q, k) and the circles indicatdsG(A, Q, K). In this
caseVG(A, Q, k) is maximized ak = k; > k' implying that the source firm sets a valuekof
sufficiently high to delay immediate purchaseddiy theX producers.

3.3. Wheng < ¢ andA/Q* > P

In that case in the randie< k' the source firm’s value, represented®, Q,
k) reaches a maximum k= k; as follows from parts (a) and (c) Bfoposition 2
Also in that casek; <k as follows from parts (b) and (c) Bfoposition 1 Thus, in
the rangek > k the source firm’s value, represented nowMi, Q, k), decreases ik
Therefore, since/(A, Q, K) = G(A, Q, k), the source firm’s value reaches its
maximum ink = ko.

The line marked with circle ifigure 2 below present&¥G(A, Q, K) in that

case. The thin line shoW(A, Q, k) and the thick line showS(A, Q, k).

18



V(A Q,K)

G(A, Q,k)

Figure 2: The source firm’s valueY G(A, Q, k), whena < « andA/Q“> P". The Thick line
showsV(A, Q, k), the thin line show&(A, Q, k) and the circles indicaléG(A, Q, K). In this
caseVG(A, Q, K) is maximized ak = k, < K implying that the source sets a valuekof
sufficiently low to promote immediate purchasedNdfy theX producers.

Based on the analysis of the two previous sub-@esgtifigure 3 below shows

the optimak as a function o&/Q for the case whea < « .

opt
kp

P* A/Qa

Figure 3: the optimak as a function ofA/Q“ for the case whea < « .
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The increasing part in this function is concave #reentire function may be

below zero, as the following proposition establgshe

Proposition 3If « <t then the optimal value d&fis negative.

Proof. In the appendix.

4. Theoptimal k in the case of a welfar e objective

Assume now that the source firm is a governmeritighaot interested in maximizing
the value of its potential sales of the resoux;enamelyVG(A, Q, k). Instead we
assume now that the government cares about wetifdine X market, but also want to
use it for financing its activities in other markemarkets that suffer from market
failures and government intervention in them isfarel increasing. Specifically, we
assume that the government balances these twoadaiing targets by setting an
objective of bringing the valugG(A, Q, k) to a certain leveM which is below the
maximal level ofVG(A, Q, k). As established in section 3, in the case wherea’
the functionVG(A, Q, k) has an inverse-U shape and therefore there aredilmes of

k that yields the valu® that the government seeks. For that case we ashianthe
government, wishing to harm welfare in tkenarket as little as possible, chooses the

lower level of the two values &fthat solve:

(33) VG(A, Q,K) =M

As in section 3, three cases will be analyzed rExé& case where > ¢ ; The

case wherer < o andA/Q* < P'; The case where < o andA/Q*>F'.

20



4.1. Whena > o

As established in section 3.1, in this c&&8(A, Q, k) is a monotonically increasing
function ofk that converges to the valuaQ"“ /(r —,u) ask approaches infinity. In

addition it approachesc-ask approachesw, as follows from (30) and (31). Thus,
there is single value that solves (33) for everyeleof M that is smaller than
tAQ ™ /(r — p).

Note that in contrast to the case where the sasragaximizing the value of
its potential sales of the resourté here the value ok that is chosen is not
necessarily infinite. The reason for that is thatthe current case the source is a
government that cares not just about the revenoes $ellingN but also about the
welfare in the market foX. The only possibility for the government to set an
infinitely large level ofk is if the M it want s to extract from the market is above
tAQ ™ /(1 — p).

By (21), (32) and an implicitly differentiation ¢83):

dk -1
59 M~V (AQK) "

where the inequality follows from the result thatthis casevk(A, Q, k) < 0, as
established in the proof of part (a) moposition 1.Thus, the larger the value of the
revenues that the government wants to extract treX market the larger the level
of k it sets. In a similar manner it can be shown thahis casek is decreasing i\
and increasing iQ.

We denote the value ™A, Q, k) at the end of its definition range:

21



(35) V(A Q=VIA QK (A Q) =GIA QK (A Q)]

wherek is a function ofA and Q by (8). Applying (8) in (21) yieldd/ (A, Q)
explicitly. Based on the analysis of the propert€¥ G(A, Q, k) in section 3.1, iM is
smaller thanV (A, Q) then the government chooses is bel@w implying an
immediate purchases dfand production oK. Otherwise, thd that the government
chooses is above, a choice that sends the market to a period aftima until A is

sufficiently large so tha® = Py.

4.2. Whena < o andA/Q* <P’

Based orfigure 1and the analysis in section 3.2, in this cCd&¢A, Q, k) has
an inverse-U shape maximizedkat k; > K. In the rangew < k <k the function
VG(A, Q, k) is based o5(A, Q, k) and for higher levels dfit is based oV(A, Q, K).

The value oVG(A, Q, K) at its maximum satisfies:

(36) VHA,Q=VIA Q ki(A Q)I.

Note thatk; is a function ofA andQ by (24). Applying (24) in (21) explicitly yields
VYA, Q), which is the maximal level dl that the government can extract form the
market in this case. If the government is inteikstea level ofM that is satisfying:
V'(A, Q) <M < VKA, Q) then the level ok that the government chooses, based on
(33), is above, implying inaction untilA is sufficiently large so tha® = Py. If, on

the other hand, level o that the government seeks satisfiés< \/' (A, Q) then the
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government chooses a value kfthat is smaller thark’, implying immediate
purchases diN and construction oX.

An important difference from the case where there® maximizes the value
of VG(A, Q, K), is that in that case the valuelofvas constant &; whereas here it is

increasing i and decreasing iA.

4.3. Whena < o andAIQ* > P’

Based orfigure 2and the analysis in section 3.3, in this Cd&¢A, Q, k) has
an inverse-U shape maximizedkat k, < k. In the rangew < k <K the function
VG(A, Q, K) is based o5(A, Q, k) and for higher levels dfit is based oV(A, Q, k).

The value oVG(A, Q, K) at its maximum satisfies:

(37) G(A, Q) =G[A, Q k(A Q)]

wherek; is function ofA andQ by proposition 2

GX(A, Q) is the maximal level oM that the government can extract form the
market in this case. If the government is interdstea level ofM that isG*(A, Q)
then the level ok that the government chooses, based on (33), ieatikf< I < Kk,
implying an immediate purchasesNfind construction oX.

As in the case where the source maximizes theva@G(A, Q, k), the value

of k that the government chooses is increasing and decreasing iA.
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Appendix

A. Establishing condition (17)

In this appendix we derive the benchmark condifibr) for the value of the source
firm at the time instants in whicP hits Py. For that end we use the discrete
approximation of a Brownian Motion presented in iDiE991). Since it is more
convenient to perform this approximation for a Brnoan Motion, rather than to a

Geometric Brownian Motion, the analysis is basedhenfunction:

(A1) F(a, Q, K =V(A Q, K

wherea = InA. Due to this definition, to prove that By It6’s lerapa is a Brownian
Motion sinceA is a Geometric Brownian Motion. The drift and vada parameters
of a are denoted here hy ando,”. To approximate the motion afwe divide time to
small intervals of lengtlr and the variabla space into steps of siZze The variablea

now ranges over a discrete set of valaesich that:

(A.2) as1—a =¢  foralli.
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Starting at state,, time 7 later the variabla takes with probabilityp a step
down to the value o1, or takes with probabilitg = 1 —p a step up to the value of
a+1. Two conditions relating, & p andq to x4, and o, should be used in order to

make this process an approximation of the origgralwnian Motion. First:

(A.3) ur=0qé +p(-&),

which leads to:

1 UT 1 UT
A4 =1+ |, =Z|1-=
SIS =34

The condition regarding the variance of the procgss
(A5) Fr=0(& - u)’ +p(-& - un)’ = & + 2ur(p - ) + () = & - 4°7
eliminating the term with? leaves:

(A.6) ofr =&
WhenP = Q_A,; is at the investment threshdbg then, by (1):

1 1

wnof2f
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if time 7 latera takes a step up the endogenous investment by pheducers raise®

such thaP remains aPy, this implies thaQ is raised to the level:

1 1 1 (eaiJalg (eaiJal 3
(A 8) eai+§ @ _ g o n é aig—‘r PH 0,’2 + PH 0,’3 n
' P, | | Py P, | « 2 6 :
The change i®Q during that time is therefore:
1 1 1
(e [ [ ) g
(A9) AQ_( Py J (PH] _(PH] a’ °C

where 0€) collects all the terms that go to zero fastentfasuch that of)/¢é — 0 as
& — 0. Note from (A.6) that too falls under the category of&(
The Bellman equation for the value of the sourcemd andQ are such that

P=Pyis:

(AlO) F(all Ql k) = tPHQT+ e—rr [pF(aj_]_, Ql k) + QF(ai+1, Q + AQ! k) + CIkAQ]

(A.10) shows the value of the source in that situraas the sum of the immediate tax
revenue and the timelater value of the source discountedddy. With probabilityp
the variablea takes a step down and the source's value becBfaes Q, k). With
probability g the variablea takes a step up. In that case endogenous firvestiment
raisesQ by AQ and the source's value becoméai.1, Q + AQ, k). In addition, in that
case the source also gakas) from sales to th&X producers.

Expanding the terra"* to a Taylor series, it becomes:
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(A.11) =1+ (10 + (_;T)2+(_;T)3+... =1+00)

Applying this in (A.10) and expanding terms of (B)Xo Taylor series yields:

(A.12) F(ai, Q, k) = tPuQ7 + p[F(ai, Q, K) + Fa(ai, Q, K)(-£) + 0(S)]

&[F(a, Q. K) +Fa(a, Q, K)(5) + Fola, Q, KAQ + 0()+ kAQ]

Usingp + q = 1 and the result thatis o(&) by itself helps simplify (A.12) to:
(A.13) 0= Q-p)Fa(@, Q, k)& +q Fo(a, Q, KAQ + qkAQ + 0(¢)

By (A.4), (- p)<& = ur= o(6) which simplifies (A.13) into:

(A.14) 0 =Fq(ai, Q, KIAQ +kAQ + 0(¢)

Dividing by AQ and applying (A.9) yields:

(A.15) Fo(a, Q K) =-k- i)(é)
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By the definition of of), as¢ — 0 the second addendum on the RHS of (A.15)
approaches 0 as well. This, together Witi{a, Q, k) = Vo(A, Q, k), which follows

from the definition of~(a;, Q, k) in (A.1), concludes establishing (17).

B. Proof of Proposition 2

By (30) the first order condition for a maximum is

(B.1) G(A Q, k) =-Q+CA"f'(K) =0,

and by (31.b):

(B.2) F1(K) = (k+w)a —1);M1—t) '
(k+w) o
f'(k)
k
_W O

Figure4: f’(k) whena > 1.

Whenea > 1 straightforward differentiation shows thiatk) > 0,f ”(k) < 0, and
f (k) > 0 in all of the range in whicltk) is defined, the rangev-< k. In additionf(k)
approaches infinity whek approacheswand approaches 0 whé&rgoes to infinity.

Thus there exists a single valuekdbr whichf '(K) equals the positive valu@CA**
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and for which, therefore, (B.1) holds. Sirfcék) < O throughout the definition range
thisk bringsG(A, Q, K) to a maximumFigure 4showsf '(K) in that case.

Whena < 1 the functiorf ’(k) > 0 only in the ranges < k < -W(« - t)/(« - 1).
In addition, in that rangg”(k) < 0, andf ""(k) > 0 , as straightforward differentiation
shows, and ’(k) approaches infinity whek approachesw- Thus, in that case too,
there exists a single value lofor whichf '(K) = Q/CAY* and (B.1) holds. Since this
value ofk is in the wherd "(k) < 0 it brings G(A, Q, k) to a maximumUFigure 5

showsf ’(K) in that case.

(k)

k=-w(a-t)(«-1)

Figure5: f’(k) whena < 1.

(b). Rearranging (B.1) yields that the valu&kaf the maximum poini,, satisfies:

(B.3) 1= C(

(B.3) definesk; as an implicit function o&/Q“. By implicit differentiation of (B.3):
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(B.4) _ —_ >0,

where the second equality follows from (B.3) and thequality sign follows from

f’(k2) < 0, as shown in the proof of part (a). Concawity, in A/Q follows from:

(1+a)c[QAa]”l‘ (0, + 17 (k)

I+a

AY 2
a( aj ZCZ(A] @ fu k 3
Q a 0 ( 2)

where the inequality sign follows froh”(k;) < 0 andf (k;) > O which were

(B.4) <0,

established in the proof of part (a).

(c). Applying (8) and (B.2) in (B.3) shows that= k* iff AQ*=P". Yet, iff > o
thenk, > k for all values ofA/Q% as the following analysis shows. (B.4) can be

presented as:

l+a

. a(a:AJ |5 e

From (B.2) and (B.3) it follows that whe"Q” approaches zer®, (k) goes to
infinity implying thatk approachesw Thus, by Lhopital’s rule, a&/Q“ approaches

zero the left term in the RHS approaches the tariie RHS leading to:
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(B.6)

AIQ% 50 a[Aj -

ok,

Lim = Lim

{C[(a ~1)(ko +w)+ Wl t)1+ a)]}“ .

(ko +w)
Q-

Note from (8) that wheA&/Q* approaches zelo approachesw just the same

asky. Also note from (8) thak is a linear function oA/Q“ Thus,k, > K at least for

sufficiently small values ofVQ*.

From (B.2) and (B.3) it follows that wheA/Q“ goes to infinity, f '(ky)

approaches zero. # < 1 this implies thak, goes tow(« - t)/(« - 1) and that (k) is

finite. Thus, by (B.4) the slope & as a function o&/Q” approaches zero #8Q”

goes to infinity.Therefore, for the case aof < 1 it holds thak, < k iff AQ* > P,

since by part (a) of this propositiéimis a concave function @/Q*.

In the case where > 1 asf '(k) approaches zer&; goes to infinity and "(ky)

goes to zero. An analysis similar to the one thatl$ to (B.6) yields that:

(B.7)

If >« than

Lim  —% = Lim {C[(a_l)(kz+W)+W(1—t)(l+a)]}a:
A/Qa —> a( Aj ko, >0 (k2+W)
Qa
N I W - “(1-t p-1
=532 (542
a—li _ ) .
w11t implying that the slope ¢ as a function of

A/Q“ approaches, a&§Q” goes too, the slope ok as a function oA/Q% In that case

ko, > Kk for all values ofA/Q% If, on the other handy < ¢ than asA/Q” goes to

31



infinity the slope ok, as a function o&A/Q“ is below the slope df as a function of

A/Q% In that case it holds thkt <K iff AQ“> P, exactly as in the case af< 1. [

C. Proof of Proposition 3
If «<tthena <« , implying that the source firm’s value is maximizeither byk; or
by ko, depending on whethe¥Q“> P" or not. As shall be shown now, in that case
bothk; andk; are negative.
To prove thak; < 0 in that case, note thataf<t then« is also smaller then 1.

Thus, ifa <t the denominator d{; is always positive since it satisfies:

(C.1) (B-D1-t)+@-aks>(B-1(1-t)>0.

Next, note that itx <t the numerator df; is negative since it satisfies:

(C.2) 14-(1-atf<l-t-(1-af=@-)1-ap <0,

since we also assunae> 1/4.
To prove thak; < 0 whena <t, note once again that in that casis below
unity. As was shown in part (a) Bfoposition 2if a < 1 therk; < -w(« - t)/( - 1)

leading tok; < 0. 0
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